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The object of th is  th e s is  i s  to  examine the  s t a b i l i t y  of 
p a r t ic le - l ik e  so lu tio n s  o f the  non linear f ie ld  equation
with the p a r t ic u la r  form o f t i  me -depend enc e
Ÿ "  = C p f r )
I n i t i a l l y  our in te re s t  i s  concentrated  on the case X = 0. We begin 
the an a ly sis  by fin d in g  sp h e r ic a lly  symmetric p a r t ic le - l ik e  so lu tio n s , 
and then  examining the s t a b i l i t y  of the low est-order so lu tio n  by f i r s t -  
order p e rtu rb a tio n  theory. D irect perturbation methods are  then  con­
sid e red , This so lu tio n  i s  found to  be h ig h ly  unstable whether i t  i s  
tim e-independent ( CO = O) or not ( CO /  O),
The more general case X X 0 i s  next d iscussed . P a r t ic le - l ik e  
so lu tio n s  are found to  e x is t  in  th is  case fo r
-  oo <  X (K^ ~ oV cJ-} I yA.'" <  3 /1
On examining the s t a b i l i t y  of the low est-order so lu tio n s of th i s  
g en e ra lised  f ie ld  equation , i t  is  found th a t  fo r  co rre c t choice of the 
f i e ld  param eters s ta b le  tim e-dependent so lu tio n s can e x i s t ,  some of 
which can also  have the a t t r a c t iv e  fe a tu re  th a t th e ir  energy d en s ity  
i s  p o s it iv e  d e f in i te ,
conclude by considering  some methods of extending the theory.
1 o INTRODUCTION
1 *1 In tro d u c tio n
One of th e  main problems confron ting  p h y s ic is ts  today  ^ i s  th a t  
o f understanding elem entary p a r t ic le s ,  What a re  the b as ic  b u ild in g  
blocks of m a tte r, what are  elem entary p a r tic le s , why do they e x is t?  
The name elem entary must su re ly  be a misnomer since they  a re  not 
elementary, and might even not be fundamental. I t  appears th a t  what 
was o r ig in a l ly  hoped would be a small fam ily, i s  now not sm all, and 
indeed as one goes to  higher and h igher energy, more and more 
®particles® are  discovered. I t  i s  true th a t  the l a t e r  discoveries  
have been of p a r t ic le s  which l iv e  fo r  very short lengths of time 
and whose true ex isten ce  might w ell be questioned, but th e re  I s  no 
apparent end to  the process.
Because of th e  basic importance of the subject, considerab le  
work has been done on i t ,  both th e o re t ic a l  and experim enta l, 
T h eo re tica lly  quantum f i e l d  th eo ry  has had success in  describing the  
in te ra c tio n s  between p a r t ic le s , and group th eo ry  in  c la s s ify in g  th e  
p a rtic le s  i n  symmetry groups, Few wèuld claim  th a t  e i th e r  approach 
i s  tru ely  s a t is f a c to ry  but n ev e rth e le ss  considerab le  p rogress has 
been made even to  the ex ten t o f  predicting the ex istence  of hitherto  
unobserved p a r tic le s *  For example^ the 2 was p red ic ted  before i t  was 
found experim entally*
Conventional f i e l d  theo ry  i s  u n sa tis fa c to ry  in  many resp ects. 
Too many f ie ld s  e x is t*  # ienever a new p a r t ic le  i s  discovered o. new 
f i e ld  i s  req u ired . Not only t h i s ,  bu t in teraction  terms musb be 
added/
added to  the  Ham iltonian in co rp o ra tin g  a l l  in te ra c tio n s  with o th e r 
e x is tin g  p a r tic le s *  e ,g . i f  one has only the ex isten ce  of the e le c t ro ­
magnetic f i e ld  and the  proton f i e l d ,  then  one has a Hamiltonian*
H = Hem + H, + = P)
The ad d itio n  of a new p a r t i c l e ,  say a 7T meson re q u ire s  the  Hamiltonian 
to  be m odified to
H = «em + Hp + : p) + : TT) + H ^/p :T[)
In  view of th e  la rg e  number o f °particles®  known to  d a te , th e  f u l l  
Ham iltonian, i s  an extrem ely com plicated expression . I t  would be n ic e r  
i f  one could have a s in g le  u n iv e rsa l f i e ld  3 ^  con ta in ing  a l l  the 
known p a r t ic le s ,  and a s in g le  u n iv e rsa l f i e ld  equation  governing ^  ®s 
behaviour*
In  some ways a more se rio u s d e fec t of conventional f i e ld  theo ry  
i s  the  occurrence of divergences* For example, on eva lu a tin g  the 
energy o f an e le c tro n  in  an ex te rn a l ra d ia t io n  f i e ld ,  one fin d s  th a t  
i t  i s  i n f i n i t e .  This d i f f i c u l ty  i s  overcome by mass renorm alisation*
One can consider the  e le c tro n  not as a p o in t s in g u la r i ty  but as having 
some s p a t ia l  ex tension . The problem then  a r is e s  as to  what d is t r ib u t io n  
one should take fo r  the e le c tro n . This approach re q u ire s  one to  have 
two e le c tro n  masses, the bare  e le c tro n  mass and the  observed e lec tro n  
mass and i s  g en e ra lly  considered  to  be u n sa tis fa c to ry .
Any sen sib le  theo ry  must be non linear * A l in e a r  th eo ry  can not 
give in te ra c t io n  between p a r t ic le s  which i s  in  co n tra d ic tio n  to  th e  
laws of n a tu re , fo r  p a r t ic le s  do in te r a c t .  So a l in e a r  th eo ry  must 
be m odified and in te ra c t io n  term s in s e r te d . # ien  one in s e r t s  such 
in te r a c t io n /
in te ra c t io n  term s the f i e l d  equation  becomes n o n lin ea r. Why not t r y
to  rev erse  the p rocess, choose th e  f i e ld  equation  to  be non linear
and e x t r a c t  the in te ra c tio n ?  That i t  i s  p o ss ib le  to  do th i s  was
ishown by E in s te in , In f  e ld , and Hoffman who were able to  d eriv e  th e  
equations of motion of g ra v ita t in g  bodies from the non linear f i e ld  
e q u a tio n s ,.to  show th a t  E in s te in ’s F ie ld  equations imply th a t  particles 
move along geodesics#
To overcome some of th e  above d i f f i c u l t i e s ,  we are  led  to  
p o s tu la te  a new type of f i e l d  th eo ry  to  rep re se n t elem entary p a r t ic le s  
w ith th e  requirem ents th a t  i t  s h a l l  be f re e  from divergences or 
s in g u la r i t ie s ,  and th a t  the  f i e l d  equations s h a ll  be, à p r io r i ,  non­
l in e a r .  The requirem ent of Lorentz invariance  seems a reasonab le  one, 
though even th i s  has l a t t e r l y  been c a lle d  to  qu estio n . In  this- work, 
only c la s s ic a l  f ie ld s  a re  considered*
Although we have sa id  th a t  we hope to  use the f i e l d  to  re p re se n t 
elem entary p a r t i c le s ,  we have not y e t in d ica ted  how th i s  should be 
done in  a n o n lin ear f i e ld  theory* Perhaps the  b es t physica l re p re se n ta tio n  
i s  in  terms of th e  energy density* We p ic tu re  a space o f elem entary 
p a r t ic le s  as a space in  which th e  energy d en s ity  has d is t in c t  lo c a l  
maxima. These lo c a l  co n cen tra tio n s o f energy correspond to  elem entary 
p a r t i c le s .  In  genera l the  dynamical evo lu tion  of th e  system w ill  be 
determ ined by the governing f i e l d  equation . By fo llow ing the tim e 
development of t h i s  equation , one should be able to  f in d  out how th e  
p a r t ic le s  behave: how they  in t e r a c t ,  whether they  a re  s ta b le  or n o t, 
whether they  r a d ia te  energy, whether they  coalesce to  form new p a r t i c le s ,  
o r /
w  decay in to  o th er p a r t i c l e s *
As s ta te d  e a r l i e r  we hope th a t  i t  may ev e n tu a lly  prove p o ss ib le  
to  rep re sen t p a r t ic le s  by a u n iv e rsa l f ie ld *  This i s ,  however, f a r  
too  am bitious a programme fo r  th e  moment, and in s te a d  we w ill look 
a t  as simple a n o n lin ear c la s s ic a l  Lorent;» in v a rie n t f i e ld  w ith 
p a r t ic le - l ik e  so lu tio n s  as we can f in d , ( in  accordance w ith what 
has p rev iously  been sa id , we d efin e  a p a r tie  l e - l ik e  so lu tio n  to  be 
one which i s  s in g u la r i ty  f r e e ,  m athem atically w ell behaved, and has 
a sso c ia te d  with i t  f i n i t e  energy, d is tr ib u te d  in  such a way as to  
give r i s e  to  some lo c a l  o o n o en tra tio n (s) o f energy, which can be 
taken  to  rep resen t p a r t io le ( s )^ *
In  conventional f i e l d  th eo ry  i t  i s  g en e ra lly  accepted th a t  
the Klein-Gordon equation  re p re se n ts  a sp in le ss  p a r t i c le ,  and th a t  
i f  one wants to  rep resen t a sp in  -§• p a r t ic le  one should consider the 
Dirac equation* In  t h i s  theory  i t  i s  by no means c e r ta in  th a t  a 
non linear m od ifica tion  of the  D irac equation  i s  the  c o rre c t v/ay to  
rep re se n t a sp in  ^  p a r t ic le *  Spin may be some m an ife s ta tio n  of a 
non sp h e r ic a lly  symmetric p a r t ic le - l ik e  so lu tio n , obeying a one 
component f i e ld  equation  such as a n o n lin ear m od ifica tion  o f the  
Klein-Gordon equation* In  t h i s  p resen t work wè s h a l l  consider only 
sp h e r ic a lly  symmetric p a r t ic le - l ik e  so lu tions to  some m odifications 
o f  the Klein-Gordon equation  and th u s , in  any case , r e s t r i c t  ou rse lves 
to  sp in le ss  p a r tic le s *
A simple way to  modify the  KLein-Gordon equation  i s  to  add to  
i t  some polynomial in  hp , denoted Jp C ^  , y ie ld in g  an equation
o f /
3o f  the form
The p a r t ic u la r  form =% f  A ^  ^
w ill  be examined* I n i t i a l l y  in  chap ters 2 -  5 w© consider th e  sp ec ia l 
case \  ts 0, and then  in  ch ap ters  6 - 9  t r e a t  th e  more general 
problem )^  :{: 0* Before so doing, a review  o f o th e r work in  the su b jec t 
w ill  be g iven  in  the  next section*
1 .2  H is to r ic a l Survey
For more than  f i f t y  years th e re  has been in te r e s t  in  f ie ld s  
which s a t i s f y  non lin ear d i f f e r e n t i a l  equations* The most ce leb ra ted  
example of th is  is  undoubtedly E in s te in ’s General Theory of R e la tiv ity ^  
but a lso  included a re  th e  a ttem pts by Mie and others'^ to  modify 
Maxwell’ s Equations, and attem pts to  f in d  models fo r  elem entary 
p a r t i c l e F i n k e l s t e i n  and alii^*' examined a non linear 
sp inor f i e l d ,  and in  the  course of th e i r  in v e s tig a tio n  considered a 
p a r t ic u la r  m od ifica tion  of the Klein-Gordon equation , showing the 
ex is ten ce  of p a r t i e l e - l ik e  so lu tio n s  to  i t*
The theory  was put on a  firm  fo o tin g  when Enz showed th a t  s ta b le  
p a r t i e l e - l ik e  so lu tio n s  could e x is t  a t  le a s t  in  a world w ith one 
space dimension and th a t  th e se  so lu tio n s  possessed c e r ta in  symmetry
and to p o lo g ica l p ro p ertie s*  Enz considered  the 1-dim ensional equation
f 9  I 9*9 __ /< s w
3X<5 S p  %
showing th a t  i t  has so lu tio n s
=  ±  S » ^ ' (  W w
6for which the energy d e n s ity  d i f f e r s  e s s e n t ia l ly  from aero in  a
reg io n  of the X ax is o f len g th  ^  (k  $ and fo r  which the
to t a l  in te g ra te d  energy can be expressed as E  -  4- “
Exact tw o -p a rtic le  so lu tio n s  to  t h i s  one-dimension f i e ld  have a lso
5been found by Seeger and Kochendorfer and P erring  and Skyrme* As 
a r e s u l t  i t  has been p o ss ib le  to  v isu a liz e  the c o l l is io n  of two 
p a r t ic le s  in  th i s  ea se , as w ell as deducing the fo rce  law between 
p a r t ic le s  a t  la rg e  d istances*
In  the  3 dim ensional c a se , one can get p a r t ic le - l ik e  so lu tio n s  
to  c e r ta in  nonlinear m odifica tions of the Klein-Gordon equation  bu t 
Hobart and D errick have shown independently  th a t i f  th e se  so lu tio n s  
are  tim e-independent th en  th ey  can not be stab le*  ( in  the  one­
dim ensional ease one can. have s ta b le  tim e-independent p a r t ie  le^^like 
so lu tio n s)*  Rosen has found an exact one p a r t ic le  so lu tio n  to  a 
p a r t ic u la r  nonllziear f ie ld *  The f i e l d  equation
A #  = - 3
has a so lu tio n  rd/- s  "71/ where Z i s  an a rb i t r a ry  constan t
Although the f i e ld  must be u n s ta b le , a measure of the  decay tim e can 
be made which might correspond to  the h a l f - l i f e  o f some u n stab le  
elem entary p a r t i c l e .  For th e  above f i e ld ,  Rosen f in d s  th a t  th e  one- 
p a r t ic le  so lu tio n  decays in  a tim e w  j '  C
The problem of deducing th e  fo rce  law between p a r t ic le s  i s  more 
d i f f i c u l t  in  th e  th ree-d im ensional case. The f i e ld  equations should 
s t i l l /
7 ”
s t i l l  be s u f f ic ie n t  in  a w ell behaved theory  to  determine the in te ra c t io n  
between p a r t ic le s ,  bu t whereas in  the one-dim ensioanl f i e l d  described  
i t  was possib le  to  f in d  an e x a c t tw o -p a rtic le  so lu tio n  and deduce the 
fo rce  law from t h a t ,  th e re  a re  no known tw o -p a rtic le  so lu tio n s  to  any 
f i e l d  in  three space dim ensions, and so in  th i s  case one must r e s o r t
Qto  approxim ation methods* Rosen and Rosenstock deduced th e  in te ra c t io n  
between p a r t ic le s  in  a non linear m od ification  of th e  Klein-Gprdon equation* 
They showed th a t  an equation  o f the  type
im plied th a t  p a r t ic le s  in te ra c te d  v ia  a Yukawa-type in te ra c t io n  a t  la rg e  
d istances*  Their method of so lu tio n  was to  in te g ra te  the normal com­
ponent o f  tb.e s tre ss -e n e rg y  te n so r  over a la rg e  sphere enclosing  only  
one p a r t ic le  and so o b ta in  the  fo rce  on th a t  p a r t ic le  due to  th e  other*
The fo rce  law f o r  Rosen p a r t ic le s  has been examined by Rosen,
QD errick , P inski' * In  th e se  l a t t e r  s tu d ie s , while one does not have 
an exa.ct two-par t i c  l e  s t a t e ,  one does have an exact o n e -p a r tic le  s t a t e .
For two p a r t ic le s ,  f a r  a p a rt and moving only slow ly, the f i e ld  near 
each p a r t ic le  should be c lo se ly  approximated by the form %. ^
The method then  c o n s is ts  of f in d in g  a v a r ia tio n a l approxim ation to  th e  
tw o -p a rtic le  s t a te ,  using  the  above r e s u l t  as a guide to  what v a r ia t io n a l  
fu n c tio n  to  choose* I t  i s  found th a t  l ik e  p a r t ic le s  ( i . e .  same sign  
o f Z) a t t r a c t  each o th e r according to  an inverse  square law,
1*3 O bjectives
In  th re e  space dim ensions, the  Hobart—D errick  theorems ru le  out 
th e  ex istence  of tim e-independent s ta b le  p a r t ic le - l ik e  so lu tio n s to  
n o n lin e a r /
8n o n lin ear m od ifica tions of the  Klein-Gordon equation . However, l i t t l e  
i s  known about the s t a b i l i t y  o f tim e-dependent p a rtic le -» lik e  so lu tio n s  
to  such equations* In  th î.s  work we w ill  examine the s t a b i l i t y  o f some 
tim e-dependent p a r t ie le -ljJce  so lu tio n s  to  some n o n lin ear f i e ld  
equations*
I n i t ia l ly  the f i e ld  equation
(1 ,1 )
i s  considered* L ater a more genera l f ie ld  equation  having (1 .1 )  as 
a sp e c ia l case w ill be considered*
The equation  (1*1) i s  chosen because i t  i s  one of the sim plest 
n o n lin ear m od ifica tions of the  K3.ein-Gordon equation  and because i t  
has been shown to  have p a r t i c le - l i k e  so lu tio n s ^ ^
Equation (1 *1 ) can be derived  from the v a r ia t io n a l p r in c ip le
with the  Lagrangian density  <£ given by
i 'c* 0 ti
In  the  l in e a r  (Klein-Gordon) ca se , the  constan t K i s  equal to
where, at le a st  on quantisation, m can be id e n tif ie d  with the mass 
of the p a r t ic le  being represented. In  th is  theory m can not be so 
id e n tif ie d , and in  consequence K i s  considered to be merely a 
parameter with no p articu lar physical s ig n ifica n ce . We are prim arily  
in terested  in  time-dependent so lu tio n s , and the form o f (1.1)  suggests 
a time“dependence o f  the form
s  (1.3)
where O  i s  a rea l parameter* For sim p lic ity  i s  chosen
t o /
to  be a r e a l  sp h e r ic a lly  symmetrid fu n ctio n  of r .  Then ( i* l )  can be 
reduced to  an equation  involv ing  only one v a ria b le  r
v ia  ^  ^  (K ^ ~  ÿ ) f >  ^  (1
I t  i s  a necessary  co n d itio n  th a t  <p and i t s  c a r te s ia n  d e r iv a tiv e s  
e x is t  everywhere, so we re q u ire  ^ ^  0 .  F u rther (p  must be 
p a r t i c le - l ik e  and so cp must tend  to  zero as r  —f  OO*
The coordinate tran sfo rm atio n s
r '  -  r  f  K ^ "  ( - o y c ^ )  ^
à  (1 .5 )( p /  ^  ^  y z
bring  (1 .4 ) in to  th e  param eterless form
4- A  =  (p  -  (p  (1 .6 )
S o lu tions to  (1*6) w il l  be di#@e@med in  the  next chapter*
In  f i e l d  theory  i t  i s  customary to  take fo r  the Energy d en s ity
s . =  -  I  +  +  ( l ? * j
This has the p ro p erty  th a t  the t o t a l  energy i s  conserved* i*e* the 
in te g ra l  o f 0  over a l l  space rem ains a constant* I f  one accepts 
th i s  d e f in i t io n  of energy d e n s ity  then  fo r  the above f i e l d ,  th is  takes 
the  p a r t ic u la r  form
There i s  no gain  in  g e n e ra lity  in  in s e r t in g  a m u ltip lic a tiv e  constan t 
in to  (1*2), (1*8), since such a constant can be absorbed in to  ^  
w ith a corresponding r e d e f in i t io n  ofyLL *
Charge/
-  10 -
Charge and cu rren t d e n s i t ie s  have standard  d e f in it io n s  in  
f i e l d  theory* The q u a n titie s
p ,  J =  -  ‘V c .^  CŸ'vf- n
J ' " 9 b  Bb y (1 .9 )
obey the conservation  lawyy -
fo r  a r b i t r a r y  , but i f  one accepts th a t the in te ra c t io n  of th is  
f i e l d  w ith th e  electrom agnetic  f i e l d  i s  given by th e  normal p re sc r ip tio n
3  A  I  i  * ^
then  a value fo r  o f  B /izC ^  can be obtained, where e is  the 
e le c tro n ic  charge*
Chapters 2 - 5  deal w ith the p a r t ic le - l ik e  so lu tio n s  of (1 ,1 ) and 
th e i r  s ta b i l i ty *  I t  i s  found th a t th is  f i e l d  has se rio u s d e fec ts  and 
in  an attem pt to  overcome some of th e se , a g e n e ra lisa tio n  of th is  
f i e ld  i s  considered in  ch ap ters  6 -  9* In  chapter 10 some suggestions 
fo r  extending the theory are  proposed*
11
2c PARTIGLE-IiXKE SOLUTIONS OF 1*6 
2pi In tro d u c tio n
This equation has been in v e s tig a te d  by severa l au th o rs . There 
i s  a countable in f in i t y  o f  p a r t ic le - l ik e  so lu tio n s , the sim plest 
having no nodes, the  next sim plest one node, etc* The f i r s t  (nodëless) 
so lu tio n  has been ob ta ined  num erically  and approximated v a r ia t io n a l ly  
by B etts^^  e t  a l i i .  Glasko, L e riu s t and T e r le tsk ii^ ^  have obtained 
the  f i r s t  f iv e  so lu tio n s  num erically* The ob jec t of th is  chapter i s  
to  check th e se  c a lc u la tio n s , and to  extend th e  number o f known so lu tio n s, 
For sm all r '^ , one can expand ÿ /  in  a s e r ie s  so lu tio n
y  ^ r '  ^ ^  ^
The terms in  the power s e r ie s  a^g a , a^ * * * are determ ined in  terms 
o f a in  Appendix A* In  genera l fo r  an a i 'b i tra ry  a , 09"^  would not
be p a r t ic le - l ik e  but f o r  la rg e  r  would o s c i l la te  about the sp e c ia l
+so lu tio n s -  1, being asym ptotic to  these  so lu tio n s  as (T“"
where ^  i s  some constant* For c e r ta in  values of a^ , however, 
does not d s c i l la te  about Î  1, but tends m onotonically to  zero with 
asym ptotic form r 3  The problem i s  to  fin d  those values o f a^
Vfhioh give r i s e  to  th i s  behaviour since  i t  i s  only those so lu tio n s 
which are acceptable * We denote by A (k), the value o f a^ fo r  which 
we get a p a r t ic le - l ik e  so lu tio n  having k nodes. Thus the  problem i s  
to  f in d  the A(k) fo r  k = 0, 1 , 2, . . * e tc .
A lte rn a tiv e ly , in s te a d  of s ta r t in g  w ith the t r i a l  va lue  of a 
and the s e r ie s  expansion, one can s t a r t  w ith the asymptotic- form of 
I n /
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In  genera l an a r b i t r a r y  value o f d would not give a -so lu tio n  fo r
which was zero a t  r  = 0 ,  But fo r  c e r ta in  valuas of d, denotedcLp"
D (k), th is  co n d itio n  would be met, The problem i s  to  f in d  the  D(k),
k  5S 1 g 2 ji o o e
C erta in  observations can be made,
( i )  I f  ^ ^ i s  a so lu tio n  of (1 ,6 ) ,  th en  so i s  — This means
th a t  one need only seek so lu tio n s  fo r  which A(k) i s  p o s it iv e , or i f  
p re fe rab le , D(k) i s  p o s it iv e , though one can not sim ultaneously  i n s i s t  
on having both A(k) and D(k) p o s it iv e  o
( i i )  I f  a^ ^  A (k), th en  Ç P 'o s c i l la te s  about + 1 re sp e c tiv e ly , 
^provided one tak es  A(k) positively  fo r  k even and about -  1 fo r  k odd,
( i i i )  I f  d ^  D(k), th en  / j ^  Q  fo r  D(k) >  0 fo r  so lu tio n s w ith
I\ g
an even number of nodes 1 , 0 , k = 0, 2, if, 6 and v ice  v ersa  fo r k odd.
( iv )  A p a r t ic le - l ik e  so lu tio n  ç?^can be shown to  s a t i s f y  c e r ta in  
in te g ra l  re la t io n s  fo r th i s  f i e l d .  These are
f  (p'r'Mr-' = f
These in te g ra l  re la t io n s h ip s  can be used as a check on numeric 
accuracy by ev a lu a tin g  the in te g ra ls  fo r  a given num erical attem pt a t  
and observing how c lo se ly  th e  equations (2 .1 ) are  s a t i s f ie d .
2,2 Numerical C alcu la tions
In  numerical (d ig ita ])  so lu tio n s  o f d i f f e r e n t ia l  eq u a tio n s, i t
i s /
-  13 -
i s  necessary  to  rep la ce  th e  d e r iv a tiv e s  of the fu n c tio n  in  terms of 
the values of th e  fu n c tio n  a t d is c re te  p o in ts , and then  to  solve the 
system by so lv ing  the r e s u l t in g  f i n i t e  d iffe ren ce  eq u a tio n s. Such 
num erical methods do not r e s t r i c t  the d ir e c t io n  of in te g ra t io n , i . e .  
one can (a) s t a r t  a t  sm all r'^  and in te g ra te  to  la rg e  r ^  (b) s t a r t  a t  
la rg e  and in te g ra te  to  low , (e) do both  i . e .  in te g ra te  out 
from sm all r '  and integx^ate in  from la rg e  to  some common p o in t f ^ ,  
say. S o lu tions o f (1 ,6 )  were attem pted using  each of these  methods. 
Method (a) can provide a u se fu l method of so lv ing  (1 ,6 ) when we make 
use of o b serva tion  ( i i ) .  The method c o n s is ts  o f  ta k in g  an a r b i t r a r y  
value of a  y using th e  s e r ie s  so lu tio n  fo r  o / a s  a s ta r t in g  p o in t ando
in te g ra tin g  (1 ,6 ) to  la rg e  r'^ where the behaviour o f (p^ i s  examined.
I f  <p i s  o s c i l la t in g  about +1 fo r  ~ p o s it iv e  then  the chosen
value of a i s  too sm all. One in c re ase s  a u n t i l  a value i s  obtained o o
f o r  which Cp  ^ o s c i l la te s  about -1 fo r  r  , This value of
i s  too la rg e . One now has two values fo r  a^ , one which i s  too small 
and one viiich i s  too la rg e  and these  values sandwich A (k), The 
method then  c o n s is ts  o f c o n tra c tin g  the  upper and lower bounds on 
A(k) u n t i l  the  d es ire d  accuracy is  reached . Method (b) i s  e s s e n t ia l ly  
th e  same as (a) bu t in  th e  rev e rse  d ire c tio n . One uses the  asym ptotic 
form fo r  CP^ as a. s ta r t in g  p o in t and in te g ra te s  (1 ,6 ) to  = 0, The
ob ject i s  to  fin d  a value o f  d fo r  which i s  n ega tive  and one
d
fo r  which th i s  i s  p o s itiv e^  then  one can co n trac t th ese  upper and 
low er/
“ i  If “
lower bounds to  D(k) u n t i l  /^ 2 .  1 i s  acceptab ly  zero.
Method (o) i s  a combined p rocess. I t  c o n s is ts  o f in te g ra tin g
outwards from r  = 0 using the  s e r ie s  so lu tio n  fo r  Ç? as a s ta r t in g
po in t with some t r i a l  value of to  some value o f , say r j  ,
and also  in te g ra tin g  inwards to  from la rg e  using- th e  asyoqjtotic 
/form fo r  ÇP w ith some t r i a l  value of d . In  general the values o f
a t  t/  obtained from in te g ra t in g  outwards and inwards would no t bec
the same. The problem i s  to  f in d  those values o f a^ and d fo r  which
câ  i s  matched a t  r ^ .  ( i t  can be shown th a t the  so lu tio n  i s  matched * c
i f  both ç /  and are  continuous a t  f ^ ) .  The d e ta i l s  of one
method of sy s tem a tic a lly  c o rrec tin g  and d to  s a t i s f y  th e  matching 
co n d itio n s are given in  Appendix B.
The main method o f so lv in g  the  f i n i t e  d iffe ren ce  equations used 
to  approximate (1 .6 ) was the p r e d ic to r - c o r r e c to r  method of M ilne, 
though sev e ra l o ther methods were t r i e d .  Apart from fin d in g  so lu tio n s  
to  (lo6 ) c ü re c tlj j  so lu tio n s  were a lso  found by so lv ing  some transform ed 
versions of (1 .6 ) ,  The tran sfo rm atio n  % = ^ b rin g s (1 ,6 ) to  th e  
form
z ; ; : '  -  (2 .2 )
from which th e  f i r s t  d e riv a tiv e  term  i s  absen t. T h is  equation  was 
found su p e rio r to  (1 .6 ) in  some re sp e c ts  and was o ften  used,
For the h igher order so lu tio n s , ç /  becomes in c re a s in g ly  sharp 
around the o r ig in . When in te g ra t in g  outwards on (1 .6 )  or (2 ,2 ) ,  i t
was necessary  to  use q u ite  a  few term s in  the  s e r ie s  expansion fo r  (p^ 
o r /
- 1 5 -50
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©r Z and a lso  to  use a sm all mesh sise* (as sm all as *0001 fo r  th e  
eighth so lu tion)o  Even equations (1*6) and (2*2) were S a tis fa c to ry  
fo r  in te g ra tin g  outwards * But i f  one wanted to  in te g ra te  inwards 
using method (b ) , then  th ese  equations were found to  be u n su itab le  
because was so sharp fo r  r  A/ 0 , th a t  i t  was d i f f i c u l t  to  s a t i s f y  
th e  cond ition  = 0 a t  -  0* In  an attem pt to  overcome th is
d if f io u l ty ,  (1 *6 ) was transform ed from an equation  in  ( r  ) to  
one in  X) where X -  1 / r '
This y ie ld s  j
i  V  _  ( p - -  9 ?
d X ^  X *
The transformation X = 1/r^ has the property  of changing the c r i t i c a l  
reg io n  around r^  sero to  the reg ion  X-=^ DO  ^ and th i s  was-found to  
be u se fu l in  determ ining the values of D(k) fo r  th e  h igher node 
so lu tion s.
The f i r s t  th ree  so lu tio n s are  shown g rap h ica lly  in  Fxgo 1a* In  
Eigo 1b th e  eighth so lu tio n  ( 7  nodes) i s  shown^ in d ic a tin g  how sharp 
becomes near the o r ig in  fo r  the  higher node so lu tio n s  and also  showing 
how i t  becomes more s p a t ia l ly  extended. The values o f A(k) and D(k) 
fo r  the f i r s t  e ig h t so lu tio n s  are  given in  Table 1 where th e  values 
o f the in te g ra ls  are  a lso  given* One can see th a t  th e  in te g ra l  r e la t io n s  
( 2 *1 ) are very  w ell obeyed fo r  th e  lower order so lu tio n s , the  d iscrepancy 
in  the e q u a li t ie s  being le s s  than 1^. As the order of the so lu tio n  
increases the d ev ia tio n  from e q u a lity  in c reases  but even fo r  the 8 th  
so lu tio n , th i s  d ev ia tio n  i s  s t i l l  le s s  than  3^. There seemed l i t t l e  
po in t in  continuing beyond the 8 th  so lu tio n  so no more so lu tio n s
were found*
2*3 Analogue Calc u la t io ns
An a l te rn a tiv e  method of so lv ing  (1*6) i s  to  solve i t  not on 
a d ig i ta l  computer but on an analogue computer* The power of an 
analogue computer l i e s  in  the  f a c t  th a t i t  can continuously in te g ra te  
and thus appears in  p r in c ip le  w ell su ited  to solving d i f f e r e n t ia l  
equations since th e re  i s  no need to  approximate the  d e riv a tiv e s  of 
a fu n c tio n  by f i n i t e  d iffe re n c e s  *
There are however se rio u s drawbacks in  using  an analogiie 
computer, and th i s  apparent su p e r io r ity  is  net always ju s t if ie d *  Eor 
equation ( 1 *6 ) the n o d eless . so lu tio n  was obtained by th i s  method but 
th e  h igher-o rder so lu tio n s  could not be* A value of if*6 fo r  A(o) was 
ob tained  which compares reasonably  w ith the num erically  obtained 
value o f if«3 3 8 *
2*4 Summary
P a r t ic le - l ik e  so lu tio n s  o f (1*6) having re sp e c tiv e ly  0 , 1 , . . . 7  
nodes are ob tained . A v a r ie ty  of numerical methods was used to  ob ta in  
these so lu tio n s , the  nodeless being obtained by analogue computation 
as well as by d ig i t a l .  A measure o f the accuracy of the so lu tio n s can 
be obtained by observing how c lo se ly  the in te g ra l  r e la t io n s  ( 2 *1 ) are  
s a t i s f ie d  fo r  a  given so lu tion* Even fo r  the eighth so lu tio n , th e  
d e v ia tio n /
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d e v ia tio n  i s  le s s  than  %  and fo r  the lower so lu tio n s i t  i s  l e s s  than  
1^0 As we go to  h igher node so lu tio n s , becomes in c reasin g ly  
sharp a t the o r ig in , as w ell as becoming more s p a t ia l ly  extended*
— 2 1  —
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In tro d ao tio n
I n  th i s  ©haptsr tb@ s t a b i l i ty  of th e  nodeless p@rtiGle«»llke 
solm tion ®f ( lo i )  w ith  tim e dependence of th e  form (1 *3 ) if* examined 
from th e  viewpoint o f  f i^ s t-o rd e r  p e rtu rb a tio n  theory  « The time 
development @f ^  i s  determ ined by the equation
I f  we denote by subscript © the undistnrbed stà te  t h e n %= (P  
vdbaBr<*<qg^  ^ JLe *& soli&t&cwci cKf ( l  ,4^)* jLs @u& eoEewBi; *;é]LwMbduo%& <)j* ( l  *1 ) fo r  
*311 tjLmwBo Bs&t idifkt h4%pqp@%uB dLf 1.8 cWl@rtt%rt»@a Ibgr ai ewm&ll aaiowwodb j&t 
some time* Dees the disturbed sta te  ^  remain in  some mem# olose
nffgp 49%' 3/t WLltia&adbgk&ar (aadbilbdlt g& be&ieirdUow&r? I-t hu&s
6 aIwBsn athowoa Idhu&t jkf <*) ^ 4), t;huan ils i&mwBtia&ls) TN&wsK& (lij3iMwa*bf&aL 6wn<%
imcMwJLdL f&ot; juoi g;@B&@areLL rsMKwain Glloaue Iko %r@ dk> inot lorw)Tf kwovr
'ijr  ^ Tbehawag cm txadLnys lajLartwurTBGHl iR&iei% <bk jLsi xioib gcaro, *ioir@rv<)rg (arid tlndls 
we now se t out to  determine*
Let us seek a d is tu rb ed  so lu tio n  o f (1 ,1 )  o f the form
1 ^ “ ' t i  Y l  asaïamea. sm all, a t  le a s t  i n i t i a l l y .  I f  we
expand ( 1 , 1 ) In  terms o f  p keeping only up to  the f i r s t  order in  
then  we ob ta in  th e  p a ir  of equations
1
2 $he




In  analogy w ith the th eo ry  of the normal inodes of v ib ra tio n  
o f a system about equilibrium  we t r y  a so lu tio n  to  ( 3«1 ) in  the  form
a | / '  =  C  ( 3 . 2 )
where S i s  a complex constant* The general so lu tio n  w ill then , 
hopefu lly , be a l in e a r  combination of such so lu tions over a l l  allowed 
’’normal freq u en cies” 2 *
I f  one in s e r ts  the form (3o2) in to  (3*1) and uses the  tr a n s ­
form ations ( 1 *5 ) , one gets the  p a ir  of coupled second-order d i f f e r e n t ia l  
equations s  y
q  ' -t-
where S ' , Co are  defined  by
(3«3)
S2* = a ;  + i  a |  = aA c  c o l  w  A c  (3 .4 )
In  the ana lysis to  fo llow  ( p ^ x s  taken to  be the nodeless so lu tio n  
of (1*6)* Equation (3*3) i s  an eigenvalue problem* For a given G3 
we req u ire  to  fin d  the eigenvalues 2 % and eigenfunctions 0   ^ .
¥e observe th a t i f  ( ^   ^  ^ 60^) i s  a so lu tio n  o f ( 3 *3 ) then so
 ^ oO ) ,  ( so lu tio n s ,
and th a t there  is  no l o s s . o f g e n e ra lity  in  taking 21 0 , ^  0 ,
0* The param eter 6 0 i s 'f u r t h e r  requ ired  by (1*5) to  be le s s
than 1* I f  G" i s  not p u re ly  r e a l  th e n  exp(-iG t) = exp( - iG ^ t) . exp(G t )  
i s /
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i s  an increasing fu n c tio n  of t  implying th a t  the d istu rbance w ill 
build up w ith time and d es tro y  the  s t a t e ^  ^ . Our cond ition  fo r 
s ta b i l ity  i s  thus th a t  the only eigenvalues 2® of (3*5) are  purely  
real®
Numerically i t  i s  e a s ie r  to  d ea l, not with ^  but w ith 
g s r<*^ , f  K r ’^ .  When ^  are  sp h e ric a lly  symmetric (3 ,3)
takes the form
l^ d r ' -  uj'*‘)
,/2-'
9 - =  -f' f
(3 .5 )(% U î ù z j Æ d L  ^Cf -  I J  ”  To tT
vrith the  boundary cond itions g » f  = 0 a t r ' = 0  g, f  0 as 1?® oo 
For nonspherica lly  symmetric so lu tio n s, (3*3) can be separated 
in  spherical p o la r  coordinates by assuming th a t the angular dependence 
0^ ^  > 5^ i s  given in  terms o f the spherical harmonics
There i s  no coupling between d ifferen t £  values and (3*3) can 
then be reduced to
1^ ^  -- i d - h ddr'*'
i L
oLr'^
& •+ "h Z( p I (3 .6 )
vshere = r'A , aid are th e "radial" m ve
functions in  the expansion ^  t % .
In /
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In  general one would expect S® to  be a complex param eter and 
thus the e igenso lu tions of ( 3 *5 ) 9  0 .6 )  to  be complex* But under 
c e r ta in  conditions f  and g may be taken rea l*  This case w ill be 
considered in  se c tio n  5*2, w ith the  more general complex so lu tio n s 
discussed in  se c tio n  3*3o
3o2 Real Solutions
Let us consider the sp e c ia l case in  which the  q u a n titie s
~  i -  (  _  I -  ( . a ' ~ < o O ^
( t  -  ■ (  < — iO 'V
are  both rea l*  R e s tr ic tin g  ourselves i n i t i a l l y  to  sp h e ric a lly  
symmetric so lu tio n s , (3*5) th en  assumes the form
d L  _
where g and f  can now be taken rea l*
There i s  a known so lu tio n  to  (3 .7 ) :  ffi* = 0, ( i . e .  = 5^ = 1)
S = - f  a r« fo r any . This however leads to  the r e s u l t  
n k  = 0 , and fo r th a t  reason  i s  considered t r i v i a l .
I t  i s  convenient to  s p l i t  the an a ly sis  of (3.7)  in to  two p a r ts
( i )  the case Y = ô and ( i i )  the  case Y /  6^. Only in  the former
2 2case a re  square IntegrahLe (y , 6 both  p o s itiv e )  so lu tio n s  found to  
e x is t .  In  appendix D we consider the case of 6^ not both
p o s itiv e ^  when non square in te g ra b le  so lu tio n s  are  found to  e x is t .
3 .2 .1 ./
3 ,2 ,1 , The Case ^
Excluding the t r i v i a l  case 2 = 0 , 1 , r e a l  and
2 2 / gand Ô can occur only i f  60 = 0 and in  ad d itio n  2 i s
pu rely  r e a l  or purely  im aginary,
2 2Adding and su b trac tin g  (3*7) w ith % = 6 g ives th e  two
equations




-  0 ( 3 .9 )
where y  = (g -  f  ) and z = (g 4- f  )
y
Equation (3*8) i s  found to  have only the t r i v i a l  so lu tio n  
2r®(p ® fo r = 1, For la rg e  r%  z has the asym ptotic form 
 ^ = Fe ' (s in ce  (3*9) i s  homogeneous we are free to  ’norm alise 
P to  u n ity ) , Numerically (3 .9 ) can be solved by tak ing  a t r i a l  
value of y , and3 u sing  the asym ptotic form fo r 2 w ith th i s  value as 
s ta r t in g  p o in t, in te g ra tin g  in  to  r« = 0. In  general (g)^ , ^ w ill
not be zero fo r  the chosen value of , and one must then co i'rect ^  
in  a system atic way u n t i l  th i s  cond ition  i s  s a t i s f ie d ,  A method of 
doing th is  i s  given in  Appendix E , Solutions to (3 . 9 ) were sought 
num erically  in  t i l ls  manner using for a num erically  obtained 
so lu tio n  (see  chap ter 2)$ A so lu tio n  fo r  4 = 16*6 was found
corresponding to 2 » = 3.951, 03''= 0 , but no other so lu tion s were 
obtadi.ned/
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ob ta ined . In  appendix F we- g ive the r e s u l t s  o f some o th er attem pts 
a t f in d in g  so lu tions to  (3#8), (3 .9 ) .
V  2 23 ,2 .2  Nonexistence o f so lu tio n s  when Q and 5 are r e a l  and p o s itiv e  
but unequal.
I f  y i s  not equal to  6^ ( i . e .  W /  0, 2*^ O) the p o s s ib i l i ty
of find ing  eigenvalues which are  purely  imaginary does not e x is t ,
2 2and the only p o s s ib i l i ty  of g e ttin g  so lu tions w ith Ï  , ô r e a l  i s
i f  2 ’ i s  pu re ly  r e a l .  In  t h i s  subsection  we seek so lu tio n s  of
th is  form, but f in d  th a t  none e x is t .  Because 2! = 0, th e  values of 
2 2y  j, 6 perm issib le  can be bounded. I t  i s  shown th a t so lu tio n s
2 2need be sought only fo r  values o f Y , 6 s a tis fy in g  the  in e q u a li ty  
'2 :
^  ^ ~ (S* + W ) f 2  _ 1 -  (2 ’
(1 -  OS^) °  " (1 ,  w '2 )
. y 2  . 2  „ ^  „, , 0  + 0  = 2 -   <  2 since 2® must here be re a l
^  1 « I t  i s  a lso  necessary  th a t  Y , 6^ be p o s it iv e  to  
give square in teg rab le  so lu tio n s ,
E igensolu tions to  (3 «7) were sought num erically . The method 
consisted  of g en e ra lis in g  the  approach used to  solve (3 .9 )• Equation 
(3 .7 ) has an asym ptotic form g-> f - ^  pe “ Using th is
asym pto tic/
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asym ptotic form, w ith t r i a l  values of , ô , Pg (3*7) was in te g ra te d
from la rg e  r* to  r® = 0 where g , f  were eva luated . Only i f  one has
the ’correct*  values of the param eters would g, f  he sim ultaneously
sero a t  r® = 0 ,  The method then  co n s is ts  of co rrec tin g  the  param eters
2  2u n t i l  th is  co n d itio n  i s  met. No so lu tio n s fo r  /  Ô were found,
2 2Instead  of seeking so lu tio n s to  (3*7) in  terms o f X , ô and
from them evaluating  one might p re fe r  to so lve (3*7) d i r e c t ly
in  term s of In  such an approach one wants a bound on
For G*, chosen p o s it iv e , i t  i s  not d i f f i c u l t  to show th a t  G* r  ^  ^ r
must s a t i s f y
a ;  < (1 -  w ')
This gives a maximum upper bound of 1, and in  general a value 
le s s  than t h i s ,  A search fo r  eigenvalues of (5*7) in  terms of 
(G®, W) was made. No so lu tio n s  fo r  W /  0 were found.
3*2,3* N on-spherically  Symmetric Solutions
In  th is  se c tio n  we are in te re s te d  in  solving (3*6) fo r  £  = 1, 2 , 
when ^  are  re a l * Equation (3*6) has one known so lu tio n ;
= 1 g^  = f^ = r* G* = 0
corresponding to  the so lu tio n  This i s  a so lu tio n
of (3 .1 )  as a consequence of the t r a n s la t io n a l  invariance  of (1 .1 ) ,
In  Appendix & i t  i s  shown th a t  fo r  ù/=: 0, (3 .6) can have no so lu tio n s  
f o r /
f m  any 1 ,
When W /  0 , so lu tio n s  to  (3*6) were sought u s in g  the methods 
o f 3 , 2 , 2 , but none were found.
3*3 Solutions fo r  Complex G®
When 2® i s  complex and ù / /  0, (3 ,5 ) can not be reduced to  an 
e s s e n t ia l ly  r e a l  problem and so lu tio n s  must be sought to  ( 3 ,5 ) d i r e c t ly .  
The method of a t ta c k  i s  s im ila r  to  th a t given in  se c tio n  3,2* For 
la rg e  r®, ( 3 , 5 ) has asym ptotic form of so lu tio n
X  C os(k g_f') - f -  E  S u n , ( l ^ f  ) 0
Q  C o s ( l ^ r ^ )
e
€ S.V
( 3 . 10 )
where g = ^  + ig^ , f  = , i  ,  t  are d e f in e d  by
^  =  . L -L fc - g ' N
a f l  -  to'*)
(3 .11 )
2 9
2  0 ““
and k and k .  a re  given g f
k. 1 2 /  ( J 2 ' ,  ^ L o O
( 1 UD
The se t of equations (3 ,5)? (3*10) homogeneous and we are  
thus f re e  to  norm alise one of X, B, P, Q, Since the known so lu tio n  
2^ -  Og 2^ a 3*95, iù^ss 0 corresponds to  a nonzero X and one can use 
th is  as a s ta r t in g  p o in t fo r  examining the 0  region^ i t  i s
convenient to  choose X as the param eter to  be norm alised. As (3*3), 
(3o10) stand , th e re  are f iv e  param eters 2% E, P, Q, but only 
fo u r boundary cond itions = f^  = f  = 0 at r® = 0. A Neivton-
type c o rrec tio n  method would not be u se fu l fo r  th is  problem since we 
have more param eters to  be ad ju sted  than  th e re  are equations to  
c o rre c t them* However, a method which i s  capable o f co rrec tin g  as 
many param eters a s  we choose i s  the m inim isation method, the  d e ta i l s  
o f which are  given i n  Appendix E.
Before giving the r e s u l t s  of the an a ly s is  i t  i s  d e s ira b le  to  
bound th e  eigenspace of G® and th is  i s  now done.
♦ 3*3,1 Bounds on th e  eigenvalues G® j, G
I t /
pI t  has been po in ted  out th a t  th e re  i s  a lower bound to  2^
of zero since th e re  i s  no lo s s  in  g e n e ra lity  in  considering  2 ®, 21 to
be p o s i t iv e . In  th i s  se c tio n  we derive a severe upper bound.
i 2Equation (3 ,5 )  can be r e c a s t  in  a form examined by B arston :
( lô^ T  -  E c O g  a  -  H  =
where (0 , H, lAj f  are  defined  by
H




ÿ  z + 1  -  9 'dr' °
60 o (3 .13)
Barston shows (3 .1 2 ) that th is  leads to the in eq u a lity  for O-'g.
L ) . < (low est eigenvalue of H)I 6 |
provided 2^ i s  nonzero. Now we Imve e f fe c t iv e ly  determ ined the low est
eigenvalue of H when we solved ( 3 ,8 )* (3 ,9 ) , The low est eigenvalue 
of H i s  the low est eigenvalue o f the upper diagonal element o f H, 
namely “15,6 (The low est eigenvalue o f H corresponds to  the  g re a te s t  
eigenvalue 21 o f (3 ,9 )  which can be denoted 2^ (O), since i t  i s  the  
value of 2 ^ a t  6J^= 0 )
Thus _.2 /  .2 / .  . ,22 a ;  +
F u rth e r, again assuming 2^ j/ Q
^  3.95 (1 -  ( J  ) (3 .14)
%  ( f ;  y ;
C ' - A
(3 .15)
Equations (3.14) and (5 .15 ) then  allow  one to bound the  eigenspace o f
2% 2] as r '  X
- û / < i ? 5
( l a / < 3-96^
1 1 / l /L2J /  Go
(3 ,16)
3o3o2 Values of 2® obtained by solving (3 «3)
/I n it ia l ly  so lu tion s were sought for sp ec ified  W ioe* a value 
of (k)"^ wa8 chosen and the values of 2 % 2  ^ g E, P, Q corrected by the  
minimisation routine u n t il a so lu tion  was found, Notationallyg th is
can be expressed as minimising
F ( W ; 2 ® 2 g^ E, P, Q), a p o sitiv e  quantity which vanishes i f
and only i f  a so lu tion  o f (3*5) has been attained (See Appendix E ).
The notation in d icates th a t  param eters to  the l e f t  of the semicolon a re  
held  f ix e d  while those to the r ig h t  are optim ised by the minimisation 
ro u tin e . For a given a unique eigenvalue was found by th is  p ro cess .
Always 2^ was zero , i , e ,  2® was purely imaginary* In  ta b le  2, Gj i s
ta b u la te d  ag a in s t W * In  f i g ,  2 th is  inform ation  i s  d isp layed  g ra p h ic a lly . 
A lthough/
= 5 2  =
Table 2. Values o f G® ca lc u la te d  from numerical and
v a r ia tio n a l  methods
(Numerical) S ' (V aria tio n a l)
0 3o95 3 .9 6
*1 3 ,9 3 3 ,9 4
o2 3 ,8 5 3,86
o3 3 ,7 3 3 ,7 4
o4 3 ,5 4 3 ,5 6
*5 3 .2 9 3 ,32
, 6 2 ,9 7 2 ,99
o7 2,51 2 ,57
o8 1 ,8 9 2 ,0 0




Eigenvalues o f  (5*5) The eigenvalue X% i s  shOMi p lo tted  
aga in st i>/ o The dashed curve in d ic a te s  r e s u l t s  obtained  
by numerical methods w hile the s o lid  curve shows r e s u lts  
obtained by the v a r ia tio n a l m ethodo The d o tte d  curve 
l im it s  the region w ith in  which th e  e ig en v a lu es  must l ie o
-  3 4
fAlthough fo r  a given &) , a unique value o f 2 ^ was found, severa l 
values of E, P, Q were obtainedo In  appendix H i t  i s  shown th a t 
the lack  of uniqueness in  E, P, Q i s  a consequence o f 2^ being 
aeroo
Solutions fo r  complex 2^ were also sought by minimising 
F ( t o ,  2^ J 2^, E, P, Q)
F (2^ Î E, Pi Q)
F (2*^  ? w ', 2», E, P, Q)
F (5 0 ^ ,2 ^  2 ; ,  E, P, Q)
No so lu tio n s  o th e r than  those a lread y  found were ob ta ined .
I t  has been po in ted  ou t, th a t in  (3 «10) one oould a r b i t r a r i ly  
norm alise one o f X ,  E, P , Qo  X was chosen and norm alised to  u n ity .
Now th is  im plies th a t  any so lu tio n  must have a nonzero Cos term in  
i t s  asym ptotic form fo r g . Perhaps so lu tio n s  e x is t  to  th i s  problem with 
a vanishing Cos term  in  th e i r  asym ptotic expansion. S o lu tions of th is  
form were sought, Other n o rm alisa tio n  conditions were a lso  t r i e d :  
each of E, P, Q were norm alised in  tu rn . No new so lu tio n s  were found, 
P ig , 2. thus shows a l l  the known eigenvalues to  ( 3 , 3 ) . Por a 
given Cü^, th e re  is  only  one nonzero eigenvalue 2 % and i t  i s  p u re ly
im aginary. Also drawn in  f i g ,  2 i s  B a rs to n 's  l im itin g  curve 
-  -i^ (1 “ Ca3 Notice how good a bound th is  i s  to  th e  num erically
obtained values fo r  2% I t  might be thought th a t  the bounding curve 
and/
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and the  eigenvalue curve should a c tu a lly  be id e n t ic a l ,  and th a t  th e  
d iffe ren ce  between them i s  a consequence o f some num erical inaccuracy . 
In  Appendix I  i t  i s  shovm. th a t  th i s  i s  not so,
3 ,3-3  Non sp h e r ic a lly  symmetric so lu tio n s
When ^  are not sp h e ric a lly  symmetric, the problem i s  to
f in d  complex so lu tio n s  to  (3 .6 ) ,  I t  is  shown in  Appendix J  th a t  
(3 o6 ) can have no complex eigenvalues fo r  ^  >  1 ,
3 elf V a ria tio n a l C alcu lations
I t  i s  easy to  get a v a r ia t io n a l  method to  so lv e  th is  type o f 
problem when 0 , or when 2 ' = pure r e a l ,  but to  o b ta in  a method
fo r  2® complex i s  more d i f f ic u l to  A method i s  here proposed.
Let us define an operator by
7 1 =  Z i A U s - H )
^ e r e  Wg , iA, H a re  as defined  by (3«13)« Both iA and H are H erm itian 
o p e ra to rs , but s ince  Wg can be complex, Tf i s  noto By doubling the  
dimensions of the vector space we can construct th e  Hermit ian  opera to r
L = (3 .18)
and so sen sib ly  seek the  r e a l  eigenvalues o f L i . e .  so lu tio n s  to  the 
problem
^ 1 " = A I  (3 .19)
where/
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where X i s  a r e a l  eigenvalue and ^  z - j  where IL , V a re  2 
component v ec to rs . Because iiV, H .are r e a l  as well as Herm itian 7T ^  TT 
and thus th e re  i s  no lo s s  in  g e n e ra lity  in  tak ing  Equation
(3 *1 9 ) can then  be s im p lif ie d  to
l o  K \ l u . *  , , (3 .20)\
K "  o
y ie ld in g  the v a r ia tio n a l p r in c ip le  Ô[% ] 
where [ X ] i s  defined toy ^
u .. i f )  f o  K
a
fo r  a r b i t r a r y  ôUU




r  a u ’"
r  V T ^[A J i s  a fu n c tio n  o f Lj ^   ^ and the problem i s  to fin d  
those values o f fo r  which X vanishes*
(3 .22)
fo r  Cp we use the simple v a r ia tio n a l approxim ation 
R ecall th a t  fo r  the case = 0  ^ using th is  approxim ation fo r  (p
with a t r i a l  wave fu n c tio n  r* @«or a value fo r  2 ® of 3 . 9 6  was Vobtained which compares favourab ly  w ith num erically  ob ta ined  value
o f •3.93. (See Appendix f  ) ,  I t  can be shown th a t fo r  th e  = 0
case th i s  v a r ia tio n a l  p r in c ip le  i s  equ ivalen t to  the one in  Appendix f
and thus the  approxim ation fo r  (D^ should be sa tisfa cto ry  fo r  the p resen t*o
purposes* As a t r i a l  wave fu n c tio n  we take
5 7 ' =
/ r* \r 0  \
( 3 ,2 3 )
whioh i s  an obvious gen era lisa tion  of the wave funo tion  used in  
Appendix F * a , p, y are complex param eters a  -  + io,. etc*
V aria tio n  of [ A j w ith respect to  the param eters y ie ld s  a se t of 
non l in e a r  sim ultaneous equations which can be solved by standard 
minimisation methodsc. A d iscu ssio n  of some of the r e s u l t s  obtained 
from th i s  variation  p r in c ip le  follows*
3o4o1 R esu lts  o f v a r ia tio n a l  c a lcu la tio n s
Equation (3o19) i@ homogeneous and so one o f y y. p p.r  p Ç r  ^  i
can be norm alised * I n i t ia l ly  y was norm alised and [X] varied w ith
re sp e c t to  the o th e r parameters y . $, p  ^ p.  ^ a. a. * We are thus3.< r  X r  i
in te re s te d  in  so lv ing  the  sim ultaneous equations
u i „ a c . x i  _  a [ x ]  _  a c x ]  _  M : x ]  _ o t , x “j  _  .LXJ _  -  — y  -  — -  -  u  (3„24:
This can be done by co n s tru c tin g  the  funo tion  F*
a m t  / â Ç M t  lm ^ +F =  O j V
and minimising i t  to  seroo Solutions were sought by minimising F 
subject to  the follow ing three a lternative conditions :
( i )  W  fixed  j , y @ , p . ,  a , a, variaM e
A  *1,  A i ,  A  . 1 7  A
( i i ) /
( i l )  2^ fix ed  ; S % y^, variable .
( i i i )  a i l  8  param eters v a ria b le
No so lu tio n s  fo r wMoh 2* was non zero were found* For a given
W ^a unique value o f G' was found* This i s  given in  Table 2 and p lo tte d  
as a fu n c tio n  of W in  fig* 2* Note the good agreement w ith th e  
num erically  obtained  values*
In  the above was norm alised to  unity* The whole procedure 
was repeated  fo r  norm alised to  unity* No n o n - tr iv ia l  so lu tio n s 
were found* The r e s u l t s  o f th is  v a r ia t io n a l approach thus agree very 
w ell with the r e s u l t s  obtained by so lv ing  (3 , 5 ) num erically : fo r  a 
g iven  ik/ a unique value of S ^  i s  found which i s  always purely  imaginary*
3o5 Summary
In  th i s  chap ter a method of analysing th e  s t a b i l i t y  o f time»
dependent p a r t ic le - l ik e  so lu tio n s  to  sm all d istu rbances i s  given*
A pplication  of f i r s t - o r d e r  p e r tu rb a tio n  theo ry  reduces the  problem to
.so lv in g  an eigenvalue problem fo r  a coupled se t of l in e a r  second-order
d i f f e r e n t ia l  equations* I f  the eigenvalue 2® has a non zero im aginary
p a r t  SU then th e  p a r t ic le  i s  unstable*
/For any given O , i t  i s  found th a t  a unique value of 2 ® e x is ts ,  
but th is  value i s  p u re ly  imaginary* D espite in te n s iv e  searching  using  
both numerical and v a r ia tio n a l techniques no eigenvalue fo r which the 
r e a l  p a r t  2 ^ i s  non zero has been found fo r  th is  f ie ld *  N onspherioally  
symmetric so lu tio n s  are a lso  sought but no non t r i v i a l  so lu tio n s  occur*
Because/
= 3 9  =
/Because fo r  any W th e re  e x is ts  an eigenvalue 2® with non zero 
im aginary p a r t ,  i t  i s  concluded th a t  th e  low est-o rder p a r t ic le - l ik e  
so lu tio n  fo r th is  f i e l d  i s  u n stab le  to  small d istu rbances whether i t  
i s  tim e-dependent or no t.
STABILITY BY DIEBŒ PERTIffiBATION METHODS 
A„1 Xatrodaetiosa
A— .W  !■■ — JWIIiJLi.J
In  chap ter 3s the s t a b i l i t y  o f the low est^order (modeless) 
p a r t io le » lik e  so lu tio n  w ith time dependence of the form (1 *3 ) v/as 
examined from the  po in t of view of f i r s t - o r d e r  p e rtu rb a tio n  theory.
This technique gives a u se fu l in d ic a tio n  of what might happen to  such 
a so lu tio n  when i t  i s  d is tu rb ed  * The r e s u l t s  of the  an a ly sis  imply 
th a t  i t  i s  unstab le  ir re s p e c tiv e  of whether i t  i s  tim e-dependent or not* 
In chapter 3 we expand (1 «1 ) in  terms of cr '^|f —
keeping only up to  f i r s t - o r d e r  term s in  the p e rtu rb a tio n  \jç  * In  th is
se c tio n , the s ta b i l ity  of i s  examined when a l l  orders in  are kept'J  I  j
One would expect f l r s t-® rd e r  perturbation theory to  give good r e s u l t s  
for the  case of s t a b le  disturbances, for then l k  would not only s t a r t
sm all but would remain sm all for  a l l  time* For disturbances to  which 
was not stable the r e su lts  o f f i r s t - o r d e r  perturbation theory should not 
be so good, fo r  in s t a b i l i t y  would manifest i t s e l f  by g iv ing a complex 
value to  2 ® which im plies th a t  ijf  would increase s te a d ily  with time and 
th a t  th e re  would come a tim e when ®^^would not be n e g lig ib le  compared 
with ^  and tims that the assumption that one could d isca rd  terms in  ijT 
o f order higher than th e  f i r s t  would not be valid* In such an event 
one would s t i l l  expect f i r s t - o r d e r  p e rtu rb a tio n  theory to  give a measure 
o f the decay time but not to rev ea l the whole tru th *
The s ta b ility  of * ^ i s  now examined by d irect p e rtu rb a tio n  methods: 
and are given disturbances a t a given time and then the time
development/
development of the d is tu rb ed  s ta te  determ ined by so lv ing  (1 *1 ) 
I f  we d efin e  p  — K T  j r  = K c t  ; t  =
then (1 ol) ean be reduced to  th e  apparen tly  param eterless form
\ / f t (4v1 )
where “  "t o The und istu rbed  s ta te  D ik iis given by
'\ 1/ '
t
i ü ô b
0
(t+2)
For th i s  a n a ly s is , i s  taken to  be the low est-o rder (modeless) 
so lu tio n  of>( lo6 )o The so lu tio n  of (1*6) i s  given as a fu n ctio n  of r®, 
whereas fo r  (4 ,1 ) i t  i s  req u ired  as a function  of 0 .  However 0  and r® 
are  r e la te d  by 0  = Kr ^ (1 « r®.
The reduced energy d en s ity  Æ  -  ^ ^ V K ^ c a n  be found from (1 ,8 ) to  be
& 4- (4 ,3 )
I n i t i a l l y  the  s t a b i l i t y  of the tim e “independent (ù/  ^  O) s ta te  v d ll'O
be examined. Only sp herica lly  symmetric disturbances are considered.
A.2 S ta b i l i ty  of th e  nodeless tim e-independent p a r t ic le - l ik e  so lu tio n  
Let us consider i n i t i a l l y  the  case (o'  = 0. Then f o r  th is  case 
(Ao2 ) reduces to
t  " and r  *
I n i t i a l l y /
I n i t i a l l y  a disturbance A .  to  which X  should be s ta b le  i s  considered,/Î o
L ater o ther types of disturbances are examined*
From the resu lts  of f i r s t - o r d e r  perturbation th eo ry  the s ta te
I , °should be s ta b le  to  the d istu rbance Y ^ where z(r®) i sI "TTT”
the so lu tio n  of (3*9) and 2^ (= 3«93) i s  the  corresponding eigenvalue.
For ir© reas in g  ^ decays exponen tia lly  with time and »
However num erically  i t  w ill  not be p ossib le to  produce t h i s  d istu rbance 
exactly , and since i s  also a so lu tio n  of (3 *9 ) ,
any numeric attem pt a t  the f a l l in g  so lu tio n  w ill couple in  some of the  
r is in g  term which w il l  eventually  dominate and d estro y  the  s ta te  ^  . 
N evertheless i t  i s  p o ss ib le  to  p a r t i a l l y  verify  the r e s u lts ,  since i f  
one s t a r t s  w ith the f a l l in g  disturbance i t  should continue to follow  
an exponentia l decay fo r  some time before the r is in g  term makes i t s  
in fluence  f e lt*  To t e s t  th is*  the disturbance
t = 0 e t s O
-  _  p% ^e)j6Le (4 *4 )
was app lied , where 2^(0 i s  the so lu tio n  of (3*9) ap p ro p ria te ly  transform ed 
and p i s  some constant* The r e su lts  of chapter 3 le ad  one to expect 
th a t fo r  ^ l^ to  be s ta b le  to  (4*4), p must have a value of the  order of 4 , 
[S^«3*93 was th e  value ob tained  by so lv in g  ( 3 , 9 ) ] ,
The d isturbance (4*4) was app lied  and some in te re s t in g  r e s u l t s  were 
obtained* I t  was found, that there was a value of p th a t  made .
e s s e n t ia l ly  s ta b le  to  the d istu rbance  (4*4) (though ev en tu a lly  
did  b u ild  up as expected). Let us denote th is  value of p by I t
w as/
4 3
8 a lso  disûovered that fo r   ^ ^  fs d is tu rbance  (4o4)
always induoed the same type o f behaviour « Belowc, the  “magnitude® o f
i s  drawn f ig u ra t iv e ly  as a fu n c tio n  o f ^  fo r  various values of p.
* Magnitude ’
o f i t r .
Por p > j always b u ild s  up in  such a manner a s  to cause
to  decay by what we s h a ll  c a l l  the d is s ip a tiv e  mode^  while fo r  p <  D 
the decay assumes q u ite  a d if fe re n t form, which we s h a ll  designate 
the 8 ingular mode.
In  figSo 3 and I*, th e  time development of ^  i s  shown fo r  th e  
cases p s! 4*5 and p = 4» ^  i s  p lo tte d  aga inst g  fo r  va-iious values
of !3he value of obtained  was 4oi ~ o05 to  be compared ’w ith  the
value obtained from f i r s t - o r d e r  p e rtu rb a tio n  theory  o f 3 *9 3 * p ig , )  
i l l u s t r a t e s  an example of the d is s ip a tiv e  modoo There ^  o s c i l la te s  with  
s te a d ily  decreasing am plitude « P ig , 4  shows a s in g u la r  decay. I t  i s  
c le a r  how ra p id ly  b u ild s  up and goes sin g u lar at g =  0 in  a very 
sh o rt tim e.
Other v a r ia tio n s  of disturbance (4 , 4 ) were t r i e d .  The expecta tion
t h a t /
«  4:4;
th a t  X ^  ^  be a d istu rbance to  which i s  s ta b le
* e
arose from eo n sid era tio n  of f i r s t - o r d e r  perturbations. Equation (3r9)s, 
which e s s e n t ia l ly  defines , i s  a homogeneous equation. Thus one 
should expect to  be a s a t is f a c to ry  s tab le  disturbance f o r
a rb i t r a ry  0. provided i s  not so la rg e  as to  render in v a lid  the 
assumption th a t  i s  a sm all d is tu rb an ce .
Num erically i t  was found th a t  when we app lied  th e  di.sturbanoe 
defined by (4 0 4 )  ^ w ith ^  rep laced  by the behaviour as definedÎ \
by (4ol )  was v ir tu a lly  independent of & though there was some s lig h t 
v a r ia tio n  in  the  values of ^  recorded e .g .  fo r %= -1 , the value of 
p  was 4p05 i  o0 3 o
W hile i t  i s  possib le to  examine the s t a b i l i ty  of by p lo tt in g  
y r  as a fu n c tio n  o f p  fo r  various values of % i t  i s  b e t te r  to  adopt 
a new method o f representation. In chapter 1 i t  was po in ted  out th a t 
a  p h y s ic a lly  sen sib le  way of representing a p a r t ic le  in  th is  th eo ry  was 
in  terms o f th e  energy d en s ity . We w ill now discuss the s ta b i l i t y  of a 
p a r t ic le - l ik e  so lu tio n  by examining the time evolution of the energy 
density . The undisturbed nodeless tim e-independent p a r tio le - lik e  so lu tio n  
has a reduced energy d en s ity  §  given by (4 .3 ) and shown g rap h ic a lly  in  
f ig .  3 . The siae of the p a r t ic le  represented by th is  so lu tion  could be 
taken as the d istan ce  R marked in  f ig .  3 . This i s  not a rigorously  
defined q u an tity  but for th e  value of R chosen, one can see th a t ^  
i s  e s s e n t ia l ly  d if fe re n t  from zero only for r® R, and th a t i s  
e f fe c t iv e ly  zero for a l l  r* 2» R. Examination of f ig .  la  shows fo r  
th i s  value of R ( i . e .  2 u n its  of r®),  th a t (p i s  a lso  e s s e n t ia l ly  zero 
f o i /
fo r  r® >  R.
In  f ig s .  6 and 7 we show the  e f fe c ts  o f th e  d isturbances defined, 
by (kok)  fo r  p = 3 .5  and ^  = 3? re sp e c tiv e ly , by p lo tt in g  M as a 
fu n c tio n  of ^  fo r  a sequence of values of ^  . I n  f i g .  7 $ one sees 
how the shape o f the energy d e n s ity  changes w ith tim e . Ror increasing  
^  tends to  the zero value as th e  energy i s  pushed fu r th e r  and fu r th e r  away 
from the  o r ig in . This form of decay i s  denoted the d is s ip a tiv e  mode, 
s in ce  the  p a r t ic le  d is s ip a te s  i t s  energy when d is tu rb ed . An example of 
the s in g u la r  mode i s  given in  f i g .  6 . For in c reas in g  becomes
ra p id ly  more negative in  th e  reg ion  around the  o r ig in , f in a l ly  developing 
a s in g u la r i ty  th e re . Hence the  name s in g u la r  decay.
When d istu rb an ces o f the form (4®4) were app lied  to  , two 
and only two types of decay re s u lte d  v iz . th e  d is s ip a tiv e  and the  
s in g u la r , Ror d istu rbances not o f the form (4 p4 ) , s t i l l  only the  same 




and (4 .5 )
*^ £50n}=o 61^were generatedjby a random number generator in  the ranges -0.02 to  0,02 
and -0 .4  to  0 .4  re sp è c tiv e ly  and th e  tim e development of ^  observed. 
Again only s in g u la r and d is s ip a tiv e  decays were recorded . Rig, 8 shows 
a ty p ic a l  d is s ip a tiv e  decay and f ig .  9 a ty p ic a l s in g u la r  decay. In  
th e  s in g u la r  decay th e  p a r t ic le  draws more and more negative energy in to  
a deer basing reg ion  round th e  o r ig in , compensating fo r  th is  by in c reas in g  
the amount o f energy in  the  p o s it iv e  reg io n . This decay i s  not a
p h y sica lly  accep tab le one and goes ag a in st the cherished  p o s tu la te  of 
n o n lin e a r/
4o “
n o n lin ear f i e ld  th eo ry  th a t  th e re  s h a l l  he no s in g u la r i t i e s .  This
g /to  be negative in
c e r ta in  reg ions of space. The d is s ip a tiv e  decay seems an acceptable 
form of decay.* The p a r t ic le  simply ra d ia te s  a l l  i t s  energy.
Because th e re  i s  no ca ta s tro p h ic  event in  the  decay of 
th e re  i s  no obvious method of measuring the decay time ab so lu te ly .
There i s  no obvious time a t  which one can say the “particle®  no longer 
e x is ts  but suggested methods f o r  a t  le a s t  estim ating  the  decay tim es 
o f the  s ta te  are  g iven, Examination of f ig ,  8 shows th a t  a f te r  
3 u n its  o f , the energy d e n s ity  i s  no t v is ib ly  d if fe re n t  from 
zero anywhere, i . e ,  th e re  i s  no reg ion  of space in  which a lo c a l is a t io n  
o f th e  energy occurs. I t  i s  thus reasonable to  take th i s  as some 
measure o f the  decay time o f fo r  the d is s ip a tiv e  mode, but i t  i s
s tre s se d  th a t  th is  d e f in i t io n  i s  to  some ex ten t a r b i t r a r y .  The decay time
fo r  the sin g u la r mode ©an be more “rigorously® defined . An examination 
o f f ig ,  9 shows th a t  a f te r  approxim ately 1.3 u n its  of , th e  energy
d en sity  i s  becoming ra p id ly  more s in g u la r . This can be more c le a r ly
seen from f ig ,  10 where ^ ^ t h e  minimum value of , i s  p lo tte d
ag a in st V . Then i t  i s  c le a r  th a t  when TJ ^  1 .5 . ê  » i s  
d e f in i te ly  going s in g u la r  and hence a value fo r  the decay time o f ^  1,3 
u n its  of ^  would be reasonable f o r  th i s  case.
D iffe ren t random d istu rbances give s l ig h t ly  d if fe re n t decay tim es.
A s e r ie s  o f random d is tu rb an ces were app lied  to  and th e  decay mode 
to g e th er with the  decay time fo r  th a t mode were recorded . An.' i l l u s t r a t i o n  
i s  given in  Table 3 , From th i s  i t  can be seen th a t  th e re  i s  some 
v a r ia t io n /
v a r ia t io n  in  the  values of the decay tim es recorded but i n  general 
the values l i e  close to  those obtained above. For the  s in g u la r decay
mode, l ife t im e s  l i e  w ith in  the  range 1 ^  2,5 1 — u n its
while fo r  the d is s ip a tiv e  mode in  the range 2 4 1/ — u n i ts .
D isturbances resem bling th e  c o l l is io n  of the p a r t ic le  vdth some 
s o r t  of p ro je c t i le  were t r i e d .  F ig , 11 shows such a form of d istu rbance, 
The d istu rbance given by
C 3S0
e <
( 4 . 6 )
"Ajr =  g.S'X'IO^K ( ç - 3 * 5 )  = 1-Qxio^x C e -g .I -------   2)/^  ^  6^3*5was app lied . The reduced energy d en s ity  6  immediately a f te r  the
d istu rbance i s  ap p lied  i s  shown in  f ig ,  1 1 a , (The reduced energy 
d en s ity  imm ediately before the  d istu rbance i s  app lied  i , e ,  fo r  the 
undisturbed  s ta te ^ is  shown in  f ig .  5 ) . I n i t i a l l y  the d istu rbance i s  
small and w ell ou tside  the p a r t ic le  rad iu s  R, (Although the  d isturbance 
i s  v is ib ly  sm all i t  con tains a non n e g lig ib le  amount of energy since 
i t  l i e s  w ell away from the  o r ig in ) .  The s i tu a t io n  , 3  u n its  l a te r
i s  shown in  f i g ,  11b, Frames b^ o, d show the d istu rbance moving in  
on the p a r t ic le  with o s c i l la t io n s  forming and t r a v e l l in g  in .  Outgoing 
o s c i l la t io n s  do a lso  occur bu t are  very much sm aller and are  not v is ib le  
on th i s  s c a le . So f a r  th e re  has been no d istu rbance w ith in  th e  p a r t ic le  
ra d iu s  R and the “particle®  i s  as y e t unaware o f i t s  impending f a t e .
At e the d istu rbance  i s  ju s t  beginning to  en te r  the p a r t ic le  rad iu s
and the am plitude of the o s c i l la t io n s  i s  in c re as in g . The rem aining th ree
fram es/
t=> 48
frames f ,  gp h show the v io le n t in te ra c tio n  o f the d istu rbance w ith th e  
p a r t ic le .  Decay by th e  s in g u la r  mode occurs w ith in  0 ,2  T -  u n i ts  a f te r  
f ig *  1 th  (using the d e f in it io n  o f s in g u lar decay given previously)*
In  th i s  type o f  in te rac tio n ,w h e re  the d istu rbance i s  app lied  a 
long way from th e  p a r t i c le ,  one should not s t a r t  measuring the decay 
time u n t i l  the d istu rbance  has s ta r te d  en te rin g  the p a r t i  c l e - ra d iu s , since  
th e  p a r t ic le  i s  e s s e n t ia l ly  unaware of the d istu rbance u n t i l  th i s  time* 
Adopting th i s  convention, th e  value o f the decay time fo r  the above 
d istu rbance  i s  rv 1 *7 u n i ts .  D iss ip a tiv e  decays of the above form 
do a lso  occur, but one fin d s  in  g en e ra l, using d is tu rb an ces  of t h i s  type , 
th a t  th e  p ro b a b ility  of inducing a s in g u la r  d e o ^  is  g re a te r  than th e  
p ro b a b ili ty  of p re c ip i ta t in g  a d is s ip a tiv e  decay.
So f a r  l i t t l e  mention has been made of the charge Q, I t  i s  a 
fa c t  of na tu re  th a t  Q i s  quan tised  in  lumps of g  i , e ,  Qs s O,
Now th e  tim e-independent s ta te  rep re sen ts  a n e u tra l p a r t ic le  as can be 
seen from in s e r t in g  the  tim e dependence of the form (1 ,3 )  in to  the 
standard  f i e ld  theo ry  d e f in i t io n  fo r  charge d en sity  given by (1*9)„
This gives
p  _  E £• cd' K ( i -  io' )
f c  C y cJ "  /  ( 4 . 7 )
which i s  zero only when CJ^is ae ro . Thus, fo r  the tim e-independent 
case ( = 0 ) , “\ |r  rep re se n ts  a n eu tra l p a r t ic le .  But in  genera l when
one d is tu rb s  to  ^  one a l t e r s  the charge of the s ta te  from zero to
some f i n i t e  va lue . Now th i s  goes ag a in st the laws of n a tu re . Perhaps 
one/
one should t r y  to  a s s e r t  charge q u an tisa tio n  and only consider d istu rbances 
fo r  which Q remains zero. D isturbances s a tis fy in g  th i s  cond ition  were 
t r i e d  but i t  was found th a t keeping Q zero did not make any d iffe ren ce  
to  the decay tim es of . As the  theory  s tan d s , charge does not appear 
to  p lay  any fundamental r o le ,
4*3 R esu lts for  t h e tim e-dependent case ü / /  0
So f a r  th e  d iscu ssio n  has cen tered  on the  s t a b i l i t y  of th e  tim e- 
independent case ( O).  This proves a u se fu l s ta r t in g  po in t fo r  
considering  the tim e-dependent case ( O), In  f a c t ,  the behaviour
of p a r t ie le “l ik e  so lu tio n s  in  the tim e-independent and tim e-dependent 
oases i s  s im ila r , but when the  unperturbed p a r t ic le - l ik e  so lu tio n  i s  
tim e-dependent i t  tak es  longer to  decay.
As fo r the  (a/ ~  0 case , only two types of decay occur; s in g u la r  
and d is s ip a t iv e . In  genera l ^  decays more slowly as increases but 
th is  i s  not su rp ris in g  since  ^  a lso  becomes more s p a t ia l ly  extended 
as W in c re a se s . F ig s , 12 and 13 shew s in g u la r and d is s ip a tiv e  decays 
fo r  the  case CO = 0 ,8 , wiiich we take as re p re se n ta tiv e  of tim e-dependent 
p a r t i c le “l ik e  so lu tio n s . The d istu rbances are applied  by a random 
number generator s im ila r  to  th a t  used f o r  the tO"^  = 0 case . F ig , 12 
shows a s in g u la r  decay. The behaviour in  th is  case bears a c lo se  
resemblence to  the case Cù  ^~ 0 ( f ig ,  9 ) , but the decay time i s  c le a r ly  
lo n g er. In  f i g .  I4  a graph of 1/ i s  drawn fo r  th is  decay and
we can see th a t  §  goes s in g u la r  fo r  a value o f ^  2 ,8 , compared
w ith /
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w ith  1 ,3  fo r  the = 0 ease ( f i g ,  10), The d ism ,pative  deeay sho^vn 
in  f i g ,  1 3  i s  c le a r ly  s im ila r  to the  d is s ip a tiv e  decays fo r  th e  w ' = 0 
cassp (Compare w ith f ig  8 say) but i t  i s  not u n t i l  = 7 th a t ^  
i s  not v is ib ly  d if fe re n t  from zero in  th i s  case compared with = 3  
fo r  the decay of f i g ,  'IB , A se r ie s  of random d istu rbances fo r  th e  case 
W = OoB produces the  spread of decay tim es given in  Table 3* Comparison 
w ith the  CO = 0 case shows th a t  while the type of behaviour does not 
change g the decay tim es are  longer fo r  the  C0"^ = 0*8 case .
In  f ig s ,  15a and 15b we p lo t the re c ip ro c a l of the  mean l if e t im e  
Y Ik/  fo r  the d is s ip a t iv e  and the  s in g u la r  decay modes re sp e c tiv e ly .
These curves have the same genera l shape as the graph o f 2^ Y 00^ 
shown in  fig*  2* R eca ll t h a t g i v e s  a measure of the  decay time of a 
s t a te .  The lower th e  value 2^ the  longer the s ta te  takes to decay® 
F irs t-o rd e r  p e r tu rb a tio n  th eo ry , however, does not suggest th a t  th e re  
a re  two decay modes w ith d if fe re n t l i f e t im e s , but does give r e s u l t s  in  
q u a l i ta t iv e  agreement w ith d ire c t  p e rtu rb a tio n  methods*
4*4 Summary
The s t a b i l i t y  o f th e  low est-o rder p a r t ic le - l ik e  so lu tio n  i s  
examined by d ire c t  p e r tu rb a tio n  on a d ig i t a l  computer, i n i t i a l l y  when 
th e  unperturbed p a r t i c le - l ik e  so lu tio n  i s  tim e-independent and then when 
i t  i s  time-dependent* I t  i s  found th a t  fo r  a wide v a r ie ty  of p e rtu rb a tio n s  
ap p lied , the p a r t ic le  was always unstab le  decaying by e i th e r  the s in g u la r  
or the  d is s ip a tiv e  decay mode. In  th e  s in g u la r mode, the p a r t ic le  draws 
a n /
—  5 1  —'
an ever in c reasin g  amount o f negative energy in to  a sm all reg ion  around 
the  o r ig in  whereas in  the  d is s ip a tiv e  mode i t  r a d ia te s  a l l  i t s  energy 
to  in f in i ty .
As (j^  in c reases i t  i s  found th a t the p a r t ic le  tak es longer to  
decay, in  q u a li ta t iv e  agreement with the r e s u l t s  of chap ter 3#
Table of decay modes 
th e  cases
Table 3
and decay tim es fo r  13  random d istu rbances fo r
CO = 0 (O' 0*8
Decay mode Decay tim e * Decay mode Decay time
S ingular 2*4 Singular 2o3
D iss ip a tiv e 2*3 Singular 2*1
Singular 1*6 D iss ip a tiv e 6*1
D issip a tiv e 3o1 Singular 2.9
Singular 1 o4 Singular 3.0
Singular S ingular 2*8
8ingu].ar 1 c3 D issipative 8.2
D iss ip a tiv e 2.6 D issip a tiv e 7.0
Singular 1 *4 Singular 2.6
S ingular 1.3 D issip a tiv e 6.3
D issip a tiv e 2.9 Singular 2 .2
S ingular 1*3 S ingular 3.1
D issip a tiv e 3.3 D issip a tiv e 6.1
Singular 1.9 S ingular 2.7
D iss ip a tiv e 3.3 S ingular 2*3
For the (O ss 0 case the mean s in g u la r  decay time i s  ru 1 *7 u n its  
while- fo r  th e  ü /  = 0*8 case i t  i s  ^  2*6 u n its  w ith s tan d ard
dev iations about the mean values of *3 and *4 T -  u n its  re sp e c tiv e ly .
/The mean d is s ip a tiv e  time fo r the  case (O = 0 i s  3 u n its  and fo r  
the case CO = 0*8 i t  i s  6*7. The standard  d ev ia tions in  t i i i s  case 
are  re sp e c tiv e ly  *4 and *8 'C -u n its*
From these  ca lc u la tio n s  one can see th a t
( i )  the d is s ip a tiv e  decay i s  g en e ra lly  slower than  the s in g u la r  
decay
( i i )  the decay tim es fo r  the (O =0*8 case are  longer than  f o r  
the ( 0 = 0  case*
/  % =  2o3
P lo t o f  against the reduced rad ia l d istan ce p
Fig 3
fo r  a s e r ie s  o f  va lues o f  the reduced time „
The disturbance given by (4 .4 ) for  p=4„5 induces a 





P lo t o f  aga in st the reduced rad ia l d istan ce p  
fo r  a s e r ie s  o f  va lues o f  the reduced time 
The disturbances, sim ilar  to that o f  f ig  5 but fo r  
p=4, induces a singular decay. The amplitude o f  







F ig  5
P lo t o f  the reduced energy d en sity  (g 
fo r  the lo v est-o rd er  so lu tio n  o f  (lo6 )  
when = 0,, The p a r tic le -r a d iu s  R 
i s  markedo For ^  ^  1:
n e g lig ib le .  For r" <  0.^^ ^  i s  






Example o f  tke singular mode forW = 0 . 
The reduced energy d e n s i ty  o  i s  
p lotted  -against the reduced r a d ia l  
di s tan ce ^  The d i s tu  rb m ee ( 4  ^4) 
with p= 3o5 i s  applied a t  % -  Oo At 
= o5> ê  i s  trying to re tu rn  to  
the undisturbed s ta te  (Fig 5) ioe<, 
i s  s t i l l  decayingo However^ by 
has ceased i t s  exponential decay 




Example o f d is s ip a t iv e  decay mode 
/fo r  W  =: 0 casGo The reduced energy 
d en sity  fe? i s  p lo tted  against the 
reduced rad ia l d istan ce ç  
disturbance applied  i s  (4 ,4 ) fo r  p=5
The
100
G-  100 -
Example o f  the d is s ip a t iv e  mode o f  decay, 
for 0  = 0* The reduced energy den sity  
i s  p lo tted  against (0 a t a sequence 
reduced tim esT * This shows how 
rap id ly  changes in  shape and how the  
energy i s  pushed away from the orig in . 





— 3 0 0  —
Fig 9
Example o f  s in g u la r  mode o f
,  /  /O /decay f o r  Oj ~ Oo ^  i s  
p lo tted  a g a in s t  Ç a t  a 
sequence o f  reduced tim es 1 ,^ 
The energy d e n s ity  a t  th e  
o r ig in  rapid ly goes s in g u la r  
and i s  no lo n g e r considered  




-  1200 Fig 10
'V'P3.ot o f  V for  the disturbance shovn in
f ig  9 , showing how rapid ly  §  goes la rg e  and 
n egative  a t ^ '^ 1 » 5
F ig  11
P lo-. c f  V (p a t  a sequence o f  reduced  tim e s  %  ,  th e  d is tu r b a n c e  b e in g  a p p lie d
/v~\. 'J - 0 . 0  (11a) whence i t  t r a v e l s  in w ard s. The o r ig in  o f  & i s  d is p la c e d







=  0 ,
= 0,
vh e r e g io n  where ê  i s  n e g a t iv e  i s  n o t  p lo t t e d .  
S c a le ; -  ^  : 0 —^ 11 Ç
6x —
0
t  = 2 .5
50 Fig 12















































mvTuV % for  the singular decay o f  f ig  12
6 4
Fig 15b (singu lar)
W0
1
P lo ts  o f  the recip rocal mean l i f e t im e s  as a function  
o f  to  fo r  the singular and d is s ip a t iv e  decay modes»
The general shape o f  th ese  curves i s  s im ilar  to the 
p lo t  o f  Xlj V 60' given in  f ig  2j, in d ica tin g  q u a lit i t iv e  
agreement between the r e su lts  o f  chapters 3 and 4»
3oi In tro d u c tio n
-  65 “
ASSISNMEWT OF PAEAMETERS
A p a r t i e l e^ like  so lu tio n  in  even a sim ple non linear f i e ld  
theo ry  cein he considered to  possess sev era l physica l p ro p e r tie s  p For 
example fo r  the f i e ld  considered  a mass and a charge can be ascribed  
from equations (1*8) and (lo9)» The p a r t ic le  can be considered  to  
have some sige* For example th e re  i s  a rad iu s  R w ith in  which the 
energy d en s ity  i s  f in i t e  and non zero, w hile ou tside  th i s  rad ius^  i t  
i s  e s s e n t ia l ly  zero* By perturbing the  p a r t ic le  i t  i s  p o ssib le  to  
determ ine i t s  s ta b i l i ty ^  and i f  u nstab le  to  estim ate i t s  life tim e*
I t  i s  even p o ssib le  i n  som@ crude senseg to determine i t s  decay modes.
I t  i s  conceivable th a t  by considering multicomponent f ie ld s  or non- 
sp h e r ic a lly  symmetric solu tions sp in  might a lso  be inco rpo ra ted  in to  
the theory .
D espite th e  f a c t  th a t  th e  simple f i e ld  considered i s  capable of a l l  
t h i s ,  i t  has se rio u s  defects*  Let us consider f ir s t  the case of W''= 0* 
From fir st-o rd er  p e rtu rb a tio n  theo ry  one can estim ate the  l i f e t im e  of
c=.ithe ®particle® to  be 1/2^ secs . 1*8* (4Kc) secs* D irect p e r tu rb a tio n
methods give a f u l l e r  account and suggest a decay time of 1p5/Ko secs , 
fo r  the  s in g u la r decay and o f 3/Kü sees fo r  a d is s ip a t iv e  decay* Let 
us take an average decay tim e of 2/K© secs* Then th is  compares q u ite  
favourably  with th e  estim ates from f i r s t - o r d e r  p e rtu rb a tio n  th eo ry  (same 
to  w ith in  an order of magnitude)* The p a r t ic le  si%e i s  estim ated  to  be 
^  ^ u n i ts  of r® io©* 2/K u n its  of le n g th , which gives a value to  the 
r a t i o /
6 6
r a t io  ( l i f e t im e /s ls e )  o f  th e  o rder o f 1/cg a constant independent o f
“10the f i e ld  param eters yL/L, I t e th e r ,  the value of th i s  r a t io  10
secs/cm ., i s  not in  accord w ith th e  experim entally  ob tained  values o f
l i f e t im e /s iz e  fo r  the m etastab le  p a r t ic le s  { i t ^  K mesons), though i t
i s  a t  le a s t  of the c o rre c t order of magnitude fo r  the h igh ly  u n stab le
““23mesons ( life tim e s  /v 10 sees) i f  on© assumes th a t  the s ize  of th ese  
p a r t ic le s  i s  about one Perssio
The in te g ra l  r e la t io n s  (2*1) can be used to  reduce the
C if?expression  fo r  the energy E. ^  J  ©IV to
r -  % K Z
( l" W ' #ar@  X  "  I
Now (1*6) has p a r t ic le - l ik e  so lu tio n s  w ith values o f the  in te g ra l  X  
in  the r a t io s  1 o.5s9o6 .? 29*1   ^ * * * and hence th is  theo ry  p re d ic ts  
th e  ex is ten ce  o f an i n f in i t e  number of sp in le s s , n e u tra l p a r t ic le s  w ith 
masses in  the  above ra tio s *
Although the l i f e t im e /s iz e  r a t io  i s  independent of the equation  
param eters, one can a d ju s t the  l ife t im e  of a p a r t ic le  to  th e  experim ental 
value by su ita b le  choice o f  K, ( in  the  case o f]( ,K  mesons f i t t i n g  K 
to  the life t im e s  would however r e s u l t  in  unphysica lly  la rg e  s iz e s  fo r  
these  p a r tic le s )*  The r e s t  mass o f the p a r t ic le  can be matched to  
experiment by adjustm ent o fy tt ,  *
In  the tim e-dependent case one has an ex tra  param eter wC I t  
might be thought in  th i s  case (W /  0) th a t  the l i f e t im e /s iz e  r a t io  
would/
would be a function of the f i e ld  param eters but th is  i s  not so* The 
s iz e  o f the p a r t ic le  i s  ^-'2 units of r®. But i s  p ro p o rtio n a l to
(l -  L,}'*'") ^ 9  and so the  p a r t ic le  becomes more s p a t ia l ly  extended as
/  /W in creases. However the l ife t im e  a lso  increases as CO increases*
In  chap ter 5 i t  was shown th a t  21 (to ) i s  to  a good approxim ation
/  2 1given by Barston®s lim itin g  curve, and so S® decreases as (1 -  tO
and hence the life t im e  in c reases  as (1 -  This- then  im plies
th a t the r a t io  l if e t im e /s iz e  remains to  a goad approxim ation, independent 
of th e  f ie ld  param eters K, XA,  ^ CO and of the o rder i /o
I t  had been hoped o r ig in a l ly  th a t  f c r  certain  values of CO the 
'particle® would have been more stab le than  fo r  o th er values of CO  ^
and th i s  would then  have sin g led  out these particu lar values of wC 
However, th is  did not occur and one i s  l e f t  with w/as an undefined 
param eter, y ie ld in g  a continuous spectrum of allowed energ ies u n le ss  Co' 
can be fix ed  in  some way* Some suggestions as to  how to  f ix  c o ' are 
considered.
3o2 Attempts to  f ix  WI l f c L A W    —  I ■ ■ ■ » ■ •  I ■ ■  ■  ■ »  I  —
(a) I f  60 i s  not zero then th e  charge Q can be expressed as
a  = ( pcL v -  — —J "k C . 0 3  ^ (3^»2)
I f  one now a sse r ts  charge quantisation i . e .  Q = = ^  then 
one can determine to  be
6 0
68 ‘=®
a r  y  ' "2
■kCyM'V (5 .3 )
and
( ÿ c  k) ‘ A K r T (5 ,4 )
For th e  n e u tra l case { u /  ts O), g  = ^  Thus one gets
the s a tis fa c to ry  r e s u l t  th a t  the mass of the charged p a r t ic le  i s  
always greater than th a t  of the n e u tra l p a r t ic le ,  but can he made to  
approximate the mass o f  th e  n e u tra l p a r t ic le  i f  «  2  T /f^C
(b) I t  would be a t t r a c t iv e  to  id e n t i fy  W the angular frequency of 
o s c i l la t io n  of the  s o lu t io n , w ith the de Broglie frequency 





which has so lu tio n
t o '  =
+
(5*6)
Unless (5 ,6 ) has no so lu tio n  for r e a l  CO% and un less
y ^ ^ t h B T Q  w ill  be two so lu tio n s  for 6J)( I f  one tak es th e  case of
4Z/kC then I/Œ   ^ Q  y ^ E = K t c / / 3
Comparison of (5 ,3 ) and (5*6) shows th a t  th e re  i s  no value o f 60^
f o r  which conditions (a ) and (b) can be sim ultaneously s a t i s f ie d ,
,2 .except 6J = 1 which i s  not adm issible since  (1 ,5 ) breaks down fo r  th is  
QQ.Be/
Ù&88o
(o) Could th e re  be a sp e c ia l type of so lu tio n  fo r  = 1?
I f  one tak es  a so lu tio n  of the form ( l *3) and s u b s t i tu te s  in
( l o l )  one gets equation  (1o4)° This has no p a r tio le - li lc e  so lu tio n s
fo r  ( “Ve, but perhaps the case = 0 i*e* 1
has . In  th i s  case ( 1 *4) becomes 
1
4- .1. “  — / / - "  9
d r ’- r ' d r  /  ^
In  f a c t  i t  can be shown th a t  th i s  equation  has- no p a r t ic le - l ik e  
solu tions* and thus th a t  th is  approach does not work fo r  thi.s p a r t ic u la r  
f i e l d  equation*
While none of the suggestions made here are s a t is f a c to ry  fo r  
th i s  f i e ld ,  they  might give more s a t is f a c to ry  r e s u l t s  when ap p lied  to  
o ther f ie ld s*  For example th e re  might be a value of 60^f o r  which (a) 
and (b) could be sim ultaneously  s a t i s f ie d ,  or time-dependent p a r t i c le ­
l ik e  so lu tio n s  might exlM; only for sp ec ia l values o f t J 'a s  suggested 
in  (o )^
4- -i4 nRosen shows th a t  the  equation
has p a r t ic le - l ik e  so lu tion s only when n -  5 , In  t h i s  case -=^ 3 ^
produces the equation Rosen has studied and shown to  have a so lu tio n
( p  -  - i - r ^ ) ' ^
I I t  might be thought th a t  the f i e ld  equation
~  à - ^  Y  ”  %   ^ i s  an example o f th is
ty p e /
ty p e . For, p u ttin g  ip  -  g ives the equation V  (p -  (K c o /c ^ ( p - l ^ ( p  ,
10Neharl shows th a t  the equation
2l ^  (p -  ^  can have no p a r t i  o le - l ik e  so lu tio n s , hut i fctr^ T a r ^
one asserts th a t = 0 then  one has the equation
t —  «— w h i n h  h a .R  A s n T i i t i o n  CO 2= " Z .  / /  'TL^Q^ 4 -  P  3dr  ^ J  ic  s a o lu ti  (p ^  %.    
However, i f  W Is  non zero , then  th e  energy fo r  th is  so lu tio n  i s  
i n f i n i t e ,  (When i s  zero , the energy i s  f i n i t e ) .  Thus the case 
ÙÛ /  O does not give r i s e  to p a r t i  c l a- l ik e  so lu tio n s  of th is  form,
5o5 D efeats of th is  f i e ldttaa»^ga5MtM«»tawKt>ir a «CKi:o«*r>»gt.-»rogHctiwa*Ma*.acAgsm5i i i»inir» '""i 11 Ki? <
This f i e l d  has been found to  be u nsatisfactory  i n  sev era l respects*  
When d is tu rb ed , the partiel.e - lik e  so lu tio n s  of the  type examined always 
decay, and. do so very rapidly* The r a t io  of the l i f e t im e /s iz e  for  
such so lu tio n s  i s  approximately a co n s tan t, independent of th e  pai'ameters 
o f the theory K j 63" Not only th a t  but the value fo r  th is  r a t io  
i s  f a r  removed from th a t  of the m etastable p a r t ic le s ,  though i t  might 
be acceptable for resonance-type p a r t ie l  es*
The energy d en sity  i s  not p o s it iv e  d e fin ite . Since we want to  
consider a p a r t ic le  as a lo c a l  oonoeritra.tion of energy, i t  would be 
p re fe ra b le  to  have S  everywhere p ositive*  A d ire c t  consequence o f 
having a f i e ld  fo r  which 6  can be n eg a tiv e , i s  th a t  s in g u la r  decays 
are  possible* The p a r t ic le  decays by drawing an in c re a s in g  amount of 
negative  energy in to  a lo c a lis e d  reg io n  around the  orig in*  I t  i s
d i f f i c u l t  to  imagine th i s  mode of decay as being p h y s ic a lly  sen s ib le  
a lthough /
although the o ther method of decay, the d is s ip a tiv e  mode, whereby the 
p a r t ic le  ra d ia te s  a l l  i t s  energy, seems acceptable*
The theory  involves three param eters * No s a t is f a c to ry
method of fix in g  these  param eters has been found though some te n ta t iv e  
suggestions have been made* I t  was o r ig in a lly  hoped th a t  a tim e- 
dependent p a r t ic le - l ik e  so lu tio n  of the form (1*3) might be more 
in te re s t in g  than  a tim e-independent solution* But th is  has not in  f a c t  
been so fo r  th i s  p articu lar f ie ld *  A g en e ra lisa tio n  of th is  f ie ld  w ill 
now be considered which overcomes some, though not a l l ,  o f the afore- 
mentioned defects *
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6 „  A  & E N E R . A L I S E D  P I E I i Duaj(VBi.au»eanref««irMra*x>e»T.iasun2r*w.w*>«w*H*sit«œ
6*1 Introduction
The f i e ld  equation  considered in  chapters 2-5 has been shown to  
be u n sa tis fa c to ry  from several, p o in ts  of view, and we novf want to  con­
s id e r  the s t a b i l i t é  o f p a r t io le - l ik e  so lu tio n s  to  another f i e ld  equation* 
Some simple equations can be ru led  out as not having p a r t ic le - l ik e  
so lu tions*  The equation
9
&  r r
.1G .has been shown by Nehari' ' to  have no p a r tio le - lik e  so lu tio n s, while




has no sa tisfa c to ry  so lu tion s other than for n a 5 *
Vfe want a f i e l d  equation  which might give p a r t ic le - l ik e  so lu tion s  
for  which the energy density i s  p o s it iv e  d e f in ite , and for which the 
l if e t im e /s iz e  ra tio  i s  not independent of the f ie ld  parameters* A. 
p ossib le candidate i s
d u d z & e
n i f '
9 + 6 9 5
( 6 „i)
where B i s  some r e a l  param eter, f o r  B = 0 ,(6 .1 )  reduces to  ( l . 6 )  whose
so lu tio n s  are  Itnown. An etjuation such as (6 .1 ) can be ob tained in  the 
follow ing way*
One s t a r t s  w ith  a Lagrangian density  
_  J
c"- t i V  '% r XT 1 -  (6 .2)
Where X are  real param e ters asid a t th i s  s tage  X can be
p o s itiv e  or n eg a tiv e . L ater we w il l  concentrate  on the case X 0. 
The Euler-Lagrange equation fo r  the  Lagrangian (6*2) i s
^ ^ 6 . 3 ,
while the energy d en s ity  can b e  expressed as
/ . a v
d b (6 o4)
As fo r  the  previous f i e l d  equation , we t r y  a so lu tio n  o f the form
r\j/ =  ( p c r ) & (lo3 )
where Cp i s  a r e a l  and s p h e r ic a lly  symmetric fu n ctio n  of r* I f  one 
follow s the procedure fo r  th e  X = 0 case , using the transfo rm ations 
(lo5)ÿ then (6*3) c a n b e  reduced  to
c ^ V  , 2 <P' + (,,3,
where B i s  defined  by 6  ~  X (  I ~  w '
The same transfo rm ations (1 ,5 )  and (1 ,3 )  allow  one to  express th e  energy 
d en s ity  fo r  a  so lu tio n  of (6 .5 ) o f the  form (1 ,3 ) as
S o lu tions to  (6*5) w ill  now be considered* In  se c tio n  6.2 some of the 
p ro p e r t ie s /
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p ro p e r tie s  of the B = 0 ease a re  reconsidered  and analog ies m th  
the  p resen t ease e x p lo itedo In  sec tio n s  6^3 and 6«4 a more rigo rous 
method of an a ly sis  i s  gi¥@no Some p arti© leg lik e  so lu tio n s  are  then 
found num erically  in  se c tio n  6 o5 «
6  o 2 Analogi©s w ith {1 o 6 )
We r e c a l l  th e  p e r tin e n t r e s u l t s  fo r  the  D = 0 oase. There i s  a
countable in f in i ty  o f p a r t ie 1 e - l ik e  so lu tio n s having re sp e c tiv e ly
/O5 1 p 2  o o o nodeso F'sr s m j j  r%  (p  can be expanded as a  power 
s e r ie s
( p '  =  â g  +  0 .^  /  +  a , ,  r  ^  4- . . ■ '
For c e r ta in  values o f a^g deno ted  A(k)g k = 0, % 2 * . * then  
tends m onotonioally to  sero  as r " — For a not equa] to  A(k)g
o s c i l la te s  about th e  sp e c ia l so lu tio n s  (p  % ^ 1  ^ depending on whether
a ^  A(.k) ,^ and k i s  odd rr eveno
A lte rn a tiv e ly ^  so lu tio n s  w ith  the  asym ptotic form d e ~ ^ '/r ' w il l
have (^cicp ^  equal to  sero  only fo r  c e r ta in  values of d ,
denoted D(k)j k = 0 ,  1, 2 , a <? = We now look fo r  th e  co un terparts  
o f these  r e s u l t s  in  th e  B /  0 case .
Equation (6o5) has th e  sp e c ia l so lu tio n s  given by the  so lu tio n s
/S '(p + Q <p -— 0
u  ( p ' - o  ^ cp' =t A, f  ' = -  /t.
where A^  and A_ are
fr I/<=» /  A <=>
defined  by
I  ^ J\ — k  8 A ■ _  /  I -t- J I -4-6' / /
Four separa te  oases can be defined^
( i )  B ^  /if  Both and Ag are  complex* The only r e a l  sp e c ia l
so lu tio n  i s  % 0
-J( i i )  0 <^B <C /A A^  and A  ^ are  both r e a l .  Thus th e re  a re  fou r
n o n tr iv ia l  sp e c ia l so lu tio n s  (p? = i  , (p -  ÎA^
(iii)-(SO<^B < 0 A^  rea l^  Ap complex. There are only two r e a l  n o n tr iv ia l
/ +sp ec ia l so lu tio n s  <p = « A^  *
(iv )  B = 0 A^  r e a l  = 1. Thj,s case i s  e s s e n t ia l ly  the same as ( i l l ) .
In  analogy w ith the B = 0 case we expect th a t  th e re  id: 11 e x is t
c e r ta in  d is c re te  values A(k) such th a t i f  a  /  A(k) then the so lu tio n
(p^  w ill  o s c i l la te  about the  lower sp ec ia l so lu tio n s  i ,e o  about ~ A^  «
In  the B = 0 case th e re  was no o th e r f i n i t e  sp e c ia l so lu tio n ,
1corresponding to  A^g as th e re  i s  when 0 <  B <  /4* I t  i s  shown in
Appendix K th a t  i f  A^, then  can not o iso illa te  about -  A^, o r tend
to  zero m onotonioally. This im plies th a t  A(k) i s  le s s  th an  A  ^ f o r  a l l
1k fo r  a l l  B in  the range 0 B ^  /Jf. I t  i s  a lso  shown in  Appendix IC 
th a t  th e re  can be no p a r t ic le - l ik e  so lu tio n s  fo r  B >  For B ^  0
we expect the behaviour to  be s im ila r  to  the B = 0 case , only as B 
becomes more negative , A^  decreases from 1 to  zero*
6*3 Phase space an a ly sis  of (6* 
I n / '
In  th is  sec tio n  a more rig o ro u s proof of the p red ic tio n s  o f 
se c tio n  6*2 i s  given by analysing (6o5) in  phase space. I t  i s  shown 
th a t  p a r t ic le - l ik e  so lu tio n s  can not e x is t  fo r  B but probably
do so fo r  a l l  B in  the range — cO< B <  ^/l6o
In  order to  ex p lo it the analogy w ith fo rces  on macroscopic po in t 
p a r tie le s  and the dr equations o f motion, (6*5) i s  re w ritte n  fo r  th is  
se c tio n  as
a  ^  ^  +  8 « -
where . denotes d i f f e r e n t ia t io n  w ith re sp e c t to, to  
Equation (6*8) can be re c a s t  as
cr /  (6 .9 )
2Were i t  not fo r the term ( -  ÿ ) ,  (6 .9 )  oould be in te g ra te d  immediately.
Let us consider th e  fo llow ing  equation
^  ( U t )  =  ÿ  -  p  +  b P
cty^ (6*10)
which i s  derived  from  (6*9) by om itting the troublesome term* 
In te g ra tin g  (6*10) gives
•gy + ( “2y + -j-y^ -  = c ( 6 *1 1 ) -b
where C i s  some constan t o f in te g ra t io n . Equation (6 ,10 ) d escribes
the  conservative motion o f a p a r t ic le  of u n it  mass under the fo rce
(y  ” y^ + By^)o The energy of th e  p a r t ic le  can then  be expressed as 




V  =  t  (6 .12)
The equ ilib rium  p o in ts  o f th i s  motion a re  given by
¥ (6 .13)+i . e .  y = 0 , y = -  ) y = -  Ag which p o in ts  are  ju s t  the  sp e c ia l
so lu tio n s  o f ( 6 o8 )o I t  can be shown th a t  y  = -  A^  a re  s ta b le  p o in ts  
and y  S5 Î  Ag are u n stab le  poin ts*  Now i t  i s  not (6*10) we want to  
solve bu t (6 ,9 ) .  In te g ra tio n  o f (6*9) g ives
hwhich can be expressed as ^
o i l  _  _  L
(jut fc ^  " 2 C
where the  "energy" G given by (6*11) i s  no longer constan t in  tim e.
2 ô ÜSince y  i s  r e a l ,  (ÿ) must be p o s i t iv e , and hence 3 —  must always(X t?
be n eg a tiv e . This means th a t  the t r a je c to r ie s  of the  motion (6*9) must 
always move to  decreasing  9 ? ,  We now consider various phase-spaoe 
tr a je c to r ie s *
6.if. The Phase-spaoe t r a je c to r ie s
D iffe re n t values of B produce d if fe re n t types of phase t r a je c to r ie s  
and i t  i s  convenient to  s p l i t  th e  an a ly sis  in to  fo u r sep ara te  reg ions
( i )  B -  0 ( i i )  B <C 0 ( i i i )  0 <C.B <  ^/16 ( iv )  B > '^ / l6 .  We begin by 
exam ining/
examining th e  B = 0 ease,
( i )  B s  0
In  fig* 16 we show the  ap p ro p ria te  phase space diagram. The 
s o lid  l in e s  are the curves ^  = co n s tan t, and are th e re fo re  the 
t r a je c to r ie s  of a p a r tic le  obeying (6*10), We want th e  phase 
t r a je c to r y  of a p a r t ic le  obeying (6*9), and these  are  given by ( 6 *1 4 ) ,  
i . e ,  th e  t r a je c to ry  always moves to  decreasing Ï , The f ig u re  of e ig h t
ly in g  round the o r ig in  i s  the curve i  0. Onoe a t r a je c to ry  e n te rs  
such a reg ion  i t  can not escape and must end up on the  lowest po in t
in  the lobe which i t  en te rs  i , e .  -  1* For certa in  values of y
(when y c 0), th e re  are t r a je c to r ie s  which go to  the origin* These 
values of y are  A(k) k =  0, 1 , 2 * . The t r a je c to r ie s  fo r  th e  two 
low est order so lu tio n s  to  (6*9) for B = 0 are  marked on fig* 16 
The t r a je c to r ie s  of the  higher order so lu tio n s can be obtained by a
simple ex tension  of the above process*
( i i )  B 0
The phase space fo r  jB -ve, i s  very s im ila r  to  th a t fo r  the
B = 0 case except th a t  A^  ^  1 . Otherwise the  an a ly sis  goes tJrirough
as fo r  the B -  0 case* (The above process would break down i f  th e  
p o in t a t  which th e  9? = 0 t r a je c to ry  cu ts  the l in e  ÿ  = 0 were to
l i e  neare r the  o r ig in  th an  * However i t  i s  easy to  shovf th a t  th is  
cannot occur fo r any B)®
( i i i )  0 <  B <
When B i s  p o s i t iv e , Ap i s  r e a l  and f i n i t e  and thus one expects
the  phase space fo r  th is  ca se  t o  be more involved* In  fig*  I 7  a
ty p ic a l /
ty p ic a l  phase space fo r  0 <Cb ^  6 i s  drawn. From th is  diagr‘am i t
i s  easy to  see how the r e s u l t s  o f se c tio n  6,2 f i t  in* Let us s p l i t  
up th e  an a ly s is  in to  3 c a te g o rie s .
(a)
Then the t r a je c to r y  l i e s  wholly w ith in  the hatched reg ion  ( QP< 0) 
since the t r a je c to ry  s t a r t s  w ith in  the reg io n  and can th e re fo re
not escape. I t  w ill  s p i r a l  around +Aj i f  a^ i s  chosen +ve.
(b) % > ^ 2
For a^ >  Ag, the  d ir e c t io n  of decreasing  2? i s  away from the o rig in  
and such a t r a je c to ry  can never cross th e  l in e  y = A^o Thus th e re  are 
no p a r t ic le - l ik e  so lu tio n s  fo r  any A(k) > A^. This r e s u l t  i s  also 
proved in  Appendix K.
(c) ^  -^ 2
A ll A(k) must l i e  between and A^* Some t r a je c to r ie s  fo r  values
of a^ in  th is  range are shown in  f ig .1 7 .  The behaviour i s  e s s e n t ia l ly  
the same as fo r  th e  B -ve and B = 0 cases ioe* except fo r  c e r ta in  
values of a^ ,[A (k )]^ the  t r a je c to r ie s  en ter the hatched reg io n s , from 
which they cannot escape, and end up s p ir a l l in g  around -  A^.
( iv )  B > ^ / l 6
The diagram of f ig .  17 i s  ty p ic a l only of B in  the range 0 < B < ^ / 1 6 .  
Let us define  P^  and P  ^ as th e  p o in ts  a t  which the  T  = 0 t r a je c to ry  
cu ts th e  l in e  y = 0. This g ives
1
= I ^ 'Z1 p -  % (6 .15)
3
In  f i g  18 we draw , A^g Pg as a fu n c tio n  o f B* From th is  graph
i t  i s  c le a r  th a t  the order o f p o in ts  0, A^, P^, Ag, Pg i s  preserved up
3 3to  B = /16* For B >  /1 6 , no r e a l  P^, Pg e x is t  and a ty p ic a l  phase 
space f o r  the case ^/16  ^  B shown in  f ig .  19, I t  i s  c le a r
th a t  fo r  any a <  Ag, we are  s ta r t in g  w ith in  a reg io n  fo r  which 50 
i s  n eg a tiv e , and because the  t r a je c to ry  always moves to  decreasing  9[? 
th e  o r ig in  ( a t  which 90 i s  zero) can never be reached* For a ^ ^  Ag 
we move in  a d ire c t io n  away from th e  o rig in  to  a reg io n  of -ve 90 .
Thus th e re  are  no values of a fo r  which p a r t ic le - l ik e  so lu tio n s  
can occur* i ,e *  no A(k) e x i s t .
For B ^  /4p we have a lre ad y  shown th a t p a r t ic le - l ik e  so lu tio n s  
Cannot e x is t .
Conclusion
From an an a ly sis  of (6 .10) in  the phase plane, i t  has been shown 
th a t  p a r t ic le - l ik e  so lu tio n s  can e x is t  fo r  B in  the. range -  OO B ^  ^/16, 
but th a t  such so lu tio n s  cannot e x it  fo r  B >  ^1 6 *  When so lu tio n s do 
e x is t ,  th e .v a lu e s  of A(k) can be bounded.
P  ^ <  A(k) . fo r  -00  <  B <  0
P^  <  A(k) Ag for 0 <  B <
When /  A(k), the tra jectory  o s c i l la te s  about one o f th e  sp e c ia l so lu tio n s  
~ A^  depending on whether a  ^  A(k)o
i^ N u m e r io  R esu lts
8 1
Because of th e  s im ila r ity  between (6 .5 ) and (1 .6 ) ,  i t  v/as thought 
th a t  the  same methods as used to  solve (1,6)  would ca rry  over. This was 
gen era lly  tru e  except th a t  fo r  B > 0, th e  inward in te g ra tio n  method broke 
down. However, in  th i s  reg io n  th e  outward, or m atohing-in-the-m iddle 
methods using  a m inim isation c o rre c tio n  ro u tin e  worked w ell because Ap 
provided a very  u sefu l bound to  A (k). For example, fo r  B = 0 d , Ap = 2*978 
while A(o) was found num erically  to  be 2.9057o As B ^/16 , the bound 
Ag became ever more severe. For B <  0 , there i s  no upper bound Ap, but a l l  
3 methods work fo r  th i s  case* Previously we ex p la in ed  th a t  th i s  f i e ld  was 
chosen because i t  might give so lu tions with p o sitiv e  d e f in i te  energy 
d e n s ity , I t  vd.ll la te r  be shown th a t  th i s  can only occur i f  B i s  g re a te r  
than zero, and so we concentrate on the nodë less so lu tions to (6 .5 ) fo r  
B ^  Oo In  tab le 4 the  values of A(o) and Ap are given fo r  various 
values of Bo
A further hope for th is  generalised  f ie ld  i s  that i t  w ill  give r is e  
to  so lu tions for which the l i f e t im e /s iz e  ra tio  i s  a function of at le a s t
one of the f i e ld  parameters. In  f ig .  20 the nodeless so lu tio n s  of (6*5) 
are p lo tte d  fo r  some values o f B, showing how s tro n g ly  dependent the s iz e  
of the so lu tion  i s  on B. The life t im e s  of the nodeless so lu tion s as a
fu n c tio n  o f B w ill  be examined in  the next chapter.
6.6 Summary
(MWt üÉAmow ü mn mn  iiiiM,i^ a n 3 h e a
P a r t ic le —lik e  so lu tio n s  to  the g en era lised  f i e l d  a re  oonsidered . I t  
i s  shown th a t such so lu tio n s  cannot e x is t  fo r  B >  ^/16. The nodeless 
s o lu t io n s /
so lu tio n s  are  found fo r  various values of B, p a r t ic u la r ly  +ve B because 
we are  u ltim a te ly  in te re s te d  in  th e  case of §  +ve d e f in i te  miich can only 
occur fo r  B +v©o The param eter B i s  shown to  have a strong  e f fe c t  on the  
s iz e  of the so lu tio n s , and i t  i s  hoped th a t p a r t ie le - l ik e  so lu tio n s  fo r  







Phase space o f  (6 , 9 j for  the case 0 , showing the  
!£  = 0 trajectopyC solid  l i n e ) ,  and the tr a je c to r ie s  o f  
the n od eless and one node p a r t ic le - l ik e  so lu tio n s  ( 
dashed cu rves), For CL^   ^ A (k), the tr a je c to r ie s  ( 
dotted curves) enter the 90 -v e  region (hatched area) 
from which they can not escape, taut o s c i l la t e  
asym ptotica lly  about the sp ec ia l so lu tio n s  i  *
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Graph o f  A , , P, j, A «   ^ P.;, v B« The order o fJL «Jw ^ ^
p oin ts i s  p rese rv ed  up to B = ^/16^ and f ig  17 
g iv es  a ty p ic a l phase space for B in  the range
0 <  B <  3/16  ^ For 3/16 <  B <  1 /4   ^ rea l
arid Pg do not e x is t  and a ty p ica l phase space 
for  th is  case i s  shorn in  f ig  Igo For B >  Jj*
none o f   ^A_, e x is ts2
T  =
-A,
D irection s o f
d ecreasin g  9 ?
Fig 19
à  ty p ic a l  phase space fo r  B in  th e  range 3/16 ^  B <1 1 /4 , 
The l i n e  y = 0 l i e s  w holly (ex cep t f o r  th e  o r ig in )  
w ith in  a reg ion  o f  -v e  00 <> Since th e  t r a j e c to r i e s  
o f (6*9) move to re g io n s  o f  d ecreasin g  9 ?  th e re  can 
be no p a r t i c l e - l i k e  s o lu tio n s  to  (6 ,9 ) sin ce no 
so lu tio n  can s ta r t  w ith  9 0  -v e , move con tinuously  




Graph o f  th e  n o d e lesa  so lu tio n  o f (6*5) fo r  th e  values  
o f  Bf -0,2^ -Oolf 0*0» Oolf 0*15 showing how strongly
th e  s iz e  and shape o f  th e  so lu tio n  a re  dependent on B
cmdMr, anciTBCi
Table of values of A(o)g D(o) fo r  the nodeless so lu tio n
of (6o5) fo r  a s e r ie s  o f values of Note how as B /1 6 ,
A(o) —^  Ag —^  2« For B 0* 1, Ag gives a good upper bound to  A(o)
For “Ve B, a r e a l  A  ^ does not e x is t,
B A(o) 4 D(o)
- 0,1 6 ,2 3 2  -  .0 0 2 - 1 ,0 9  -  0,01
-0 ,04 5 ,0 2 3  i  ,0 0 1 = 1 .7 2  -  0,01
0,0 4 ,3 3 7  -  .001 0 0 2 ,7 1  -  0 .0 1
0,03 ' 3,578 i  ,001 4 ,3 5 5 , 9 4  -  0 .0 4
0,1 2,906 i  ,001 2,98 2 2 ,7  i  0 ,2
0,11 2,781 t  .001 2,82 3 4 ,6  i  0 ,3
0,12 2 ,6 6 1  i  .0 0 1 2,68 5 8 ,2  £ 0 , 5
0,13 2.5456 i  ,0 0 0 5 2,55 1 1 3 . £ 1 ,
O0I4 2,4358 i  ,0 0 0 3 2,437 2 7 9 , £ 3 .
0,13 2 .3 3 2 5  ± ,0001 2 ,3 3 2 7 1 0 4 0 , “ 10.
0,16 2 ,2 3 6 0 6  £ ,0 0 0 0 5 2 ,2 3 6 0 6 8 8960. £ 20.
=  89 “
7 , EXAMINATION OP STABILITY OF PAHTICIÆ-LIKE 
SOmnOHB TO IHE SEimALISBiD FIELD 
7o1 In tro d u c tio n
In  th is  ch ap te r, the s t a b i l i t y  of the nodeless p a r t io le - l ik e
%so lu tio n  to  the f ie ld  d iscussed  in  chapter 6 i s  examined fo r  0 B <  /1 6 ,
The techniques developed in  ch ap te r 3 w ill  prove u se fu l in  th is  case.
The f i e ld  equation  i s  given by (6 ,3)*  I f ,  as b efo re , we denote by n |r 
th e  unperturbed s ta te ,  by th e  pertu rbed  s t a t e ,  and by th e  
p e rtu rb a tio n  and expand (6 .3) in  term s of ^  keeping only up to  f i r s t  
order then  we get the  equations
(7 .1 )
f 2 X v / f Vo) ^
which are  the g e n e ra lisa tio n s  of (3o1)
I f  one seeks a so lu tio n  o f (7 ,1 )  in  th e  form (3 .2 ) and uses the 
transfo rm ations (1*3)» th en  (7 ,1 )  can be reduced to  the  p a ir  o f coupled 
equations
2 , / -  3 S ( g ' ' " ) 2 =
(7 .2 )
where S2% 03 are as p rev io u sly  defined , and i s ,  f o r  th i s  an a ly sis  
the nodeless so lu tio n  o f (6o5)« S o lu tions of (7*2) w ill be examined in  
much/
the same way as the B “ 0 case .
dL^  . 
d ? ' - *
liVhen and 56 Gure s p h e r ic a lly  syjmnetrio, (7o2) can be expressed  as
( - ^ ■ ^  u ' w ' - ) '  ~
where g s= r^f^ and f  = r®X»
S olu tions of (7o3) w il l  now be sought,
7o2 S p h erica lly  S y m étrie  so lu tio n s  o3
In  chapter 3 i t  was shown th a t  (3o3) could be w ;ritten in  a form 
examined by Barston and th a t  consequently  could be bounded f o r
the case 2^ /  0 . When was ae ro , could s t i l l  be bounded but w ithout 
recourse  to  Bar stones r e s u l t s  « In  the  g e n e ra lisa tio n  o f the  f ie ld  of 
chap ter 3 considered here^ (7*3) can s t i l l  be expressed in  the  form of 
(3*12) though with a d if fe re n t  d e f in i t io n  of H* H i s  now defined  as
0
0 i .d f '
ih-
(7 .4 )
I f  23 i s  non zero , then  2% 2? can be boundedr  i
_ a /  <
<  S l ' . ( o )  ( i -  o j ' ^ )L V.
X2. (7 .5 )
where 2^(0)^ the  maximum value of 2 | a t  u /  = 0, i s  r e la te d  to  the lowest 
eigenvalue of the opera to r H by -ZT (0)* Note th a t  2^(0) i s  a
function  of B, which, i t  w il l  be shown, decreases as B in c rease s  
( a lg e b ra ic a lly ) .  [2^, 2^, 6 ^  are  chosen p o s it iv e  in  th is  a n a ly s is ] .
An upper bound to  2^(0 ), v a lid  when B is  p o s it iv e  i s  given in  
Appendix L. To evaluate  2 ^(0 ), one choses a value of B in  the  range 
-  B and determ ines th e  p a r t ic le - l ik e  so lu tio n  fo r  th i s
value of B from (6.5)* One then  f in d s  the lowest eigenvalue of (7*4) and 
hence 2^(0 ).
When 2^ i s  zero , (7*3) i s  an e s s e n t ia l ly  r e a l  problem and as fo r  
the B SÎ 0 case 2^ can be bounded by the expression
<  1 = Uj-' 6o' >  0
The ana lysis  o f (7*3) can conven ien tly  be s p l i t  up in to  4 se c tio n s  
which w ill be examined separately*
( i )  OO = 0
( i i )  2^ 2= 0, 2^ not n e c e s s a r ily  zero
( i i i )  2 | = 0, 2^ not n e c e s s a r ily  zero
( iv )  N either 2^ nor 2^ zero .
We are  u ltim a te ly  in te re s te d  in  a p a r t ic le - l ik e  so lu tio n  fo r  which 
the energy d en sity  is  p o s it iv e  d e f in i t e .  Since th is  can only occur fo r  
B +ve, we concentrate  on examining ( 7 , 3 ) fo r  B in  the range 0 <  B <  ^ 1 6 ,
Examination of ( i )
I n /
go
In  th is  case = 0 and (7*3) can he reduced to
sL — +  i)  - f -  ^  Cp'  —  5 B ( p ' ^ \ z =  0
dr'^ ^  'Û /  (7.7)
8)+  , _ c r "  '  '
I  < tr '
where z = (g + f )  and y  = (g -  f ) .
Equation (7*8) i s  found to  have only the  t r i v i a l  so lu tio n  2* = 0, y = r ’(p^ 
I t  i s  found th a t  (7*7) has only one n o n tr iv ia l so lu tio n  which i s  of th e  
form 2^ = 0, 2^ = non zero . The eigenvalues 2.| o f (7 .7 ) are  given in  
Table 5 f o r  a s e r ie s  of values of B, showing how 2^ decreases, tending 
to  zero , as B tends to  B ^ /16o In  Appendix L, a bound to  2^ i s  deduced, 
w hile in  f ig  21, 2^ i s  p lo tte d  ag a in s t B.
Examin a tio n  of ( i i )
In  chapter 3 so lu tio n s  to  (3*3) were found only f o r  2^ = 0, No 
so lu tio n s  were found fo r  vhioh 2^ was non zero. In  analogy w ith th i s  
r e s u l t ,  i t  is  expected th a t  so lu tio n s  o f th i s  form w ill  a lso  e x is t  to  (7 .3 ) .  
I f  we a p r io r i  seek so lu tio n s  to (7 .3 )  of th e  form 2^ = 0, then th e  method 
o f Appendix H i s  a convenient way of doing so . This method was app lied  
to  (7*3) and so lu tio n s were indeed found. However, the  behaviour of the  
eigenvalue 2 | as a fu n c tio n  o f g/  fo r  a given B in  th e  range 0 <  B ^  ^/16 
was e n t i r e ly  d if fe re n t from th a t  found fo r  the  B = 0 case . For a given B, 
eigenvalues 2^ were only found up to  some c r i t i c a l  value of 00^ , denoted 
For lO in  the range ^  | no so lu tio n s  of th is  form were found.
I n /
95
In  f ig  22 we p lo t  2 | V i x /  fo r  values B s *05, ,073, *1, *13373* Note 
th a t  as B in c reases , so decreases. In  Table 6 the values of 03^ 
fo r  various values of B are  given*
Examination of ( i i i )
Solu tions fo r  which 22 i s  zero , but fo r  which 2® i s  non zero a re1 r
now sought. When 2^ = 0, equation  (7*3) can be reduced to  the r e a l  problem 
”  Ô 4- ~
( 7 , 1 0 )cL r'^
JL
k "   z c p ' ^  -
°  o <r (7 ,10 )
2 2where y , Ô are, as before rea l p o s it iv e  q u a n titie s  defined  by
y Z  _  I -  (A ^+W O '" _ I -  cxij-^ ')"-
^  "  C I  -  ^  Cl -
Equation (7*10) has th e  two so lu tion s
2 2 /(a) y = 6 = 1 g 12 « f z: r^ OP corresponding to  a so lu tio n  of (7 .8 )
2 2 ^(b) y c 6 g -  f  corresponding to  a so lu tio n  of (7*7)
pIn  th is  sec tio n  we are  in terested  in  r e a l  so lu tio n s fo r  which y i s  
not equal to  6^ ioO. f o r  which 2.^  and are non zero. Equation (3 .7 ) 
was found to  have no such so lu tio n s, but in  the p resen t case fo r  B > 0, 
i t  is  found th a t so lu tio n s o f th i s  kind do e x is t  fo r  c e r ta in  ranges of bù^ .
For a given B, th e re  e x is ts  a c e r ta in  c r i t i c a l  value of Co' denoted 
below which no solutions of th i s  form are found. But fo r  ')> 
so lu tio n s  to  (7oi0)  can be found. For each value of CO th e re  e x is ts  a
unique value of 2^* The values of 2^ v are shown g rap h ic a lly  in  f ig  23
f o r /
“  9 ^
fo r  th e  values of B, o05, *075, d ,  q13375* F urther i t  i s  found th a t
CO and 00^ are  the  same to  w ith in  numerical e r ro r .  In  ta b le  6 we u  C / “ /give the values of and CO^ obtained by methods ( i i )  and ( i i i )  
re sp e c tiv e ly  fo r  the  ap p ro p ria te  values of B, and one can see the 
exceedingly close agreement between these v a lu es. This means th a t  
a graph of 2® V fo r  a g iven B has th e  form shown in  f ig  24* (Fig
24 i s  fo r  the  p a r t ic u la r  case B =0,1)
Examination of ( iv )
When one seeks so lu tio n  to  (7*3) fo r  which n e ith e r  2^ nor 2^ need 
be zero , (7*3) cannot be s im p lified  and a d ire c t a t ta c k  on so lu tio n s 
must be made using th e  techniques described  in  chapter 3* No so lu tio n  
fo r  which 2^ and 2^ were sim ultaneously  non zero was found*
Conclusion
For a given B in  the range 0 B <  ^ /16 , there  e x is ts  a c r i t i c a l  
value of W denoted , such th a t  f o r  0 < co ' < so lu tio n s  to
(7o3) e x is t  in  the  form 2^ = 0 , 2 |  /  0 while fo r  <  Ui  ^ <  j
the so lu tio n s  have th e  form 2j = 0, 2^ /  0. For any value of CO^the 
eigenvalue 2® (e i th e r  2^ or 2^) i s  unique and th e re  are  no so lu tio n s  fo r  
any 63 fo r  which 2^ and 2^ are sim ultaneously non zero,
7o3 Non S p h erica lly  Symmetric Solu tions
Expansion o f in  terms o f the sp h e rica l harmonics
produces the  eigenvalue problem
(7 .11)
A _  +  _  t Ç W  ^  5
dr' _ u )'^  p/%- ° /o /  V. b b) J
/TV
9 5
This can be re c a s t  in  the much used Barston form, and so , provided 
2 !^  /  0 , we can again  bound 2^ , 2 ® by
(  I -  43'*') 
provided H has a negative eigenvalue
^  « (low est eigenvalue of H)
For (7 .1 1 ), H i s  given by
+  ^ J â lÙ  + (  -  3 9 ' V  5 6 w ‘
k 0
0 4 . ,  - c p ‘ \ e > c p ‘
( 7 , 12 )
Again, as fo r chap ter 3» i t  can be shown th a t  H can not have a negative 
eigenvalue fo r  a l l  £  g re a te r  than  some minimum value. This minimum 
value depends on B. For example l e t  us take B =0d . The lowest 
eigenvalue of H i s  then the  lowest eigenvalue of
-f-
^  <7.13,
The e igenfunction  must have a po in t of in f lex io n  a t which i t  i s  non zero
and f o r  th is  we must have
— i ( h i )  
r ' ^
,!++ 5Ç' - 5  6(g > 0 ( 7 . 1 4 )
AFor B =0.1, the fu n c tio n  V 'Y S C P '^ - S 6  Cp'"*) is  found to have a  maximum
0value of 1 5 ,1  and hence (7,14) can be s a t is f ie d  only f o r  jy = 1  ^ 2, 3 .
Thus, r ig o ro u s ly , væ can s ta te  th a t  (7*11) can have no unstab le  so lu tio n s  
fo r  ,0 3* In  f a c t  (7*13) i s  not found to  have any n o n tr iv ia l eigenvalues
giving square in te g ra b le  e igenfunctions fo r  ^  = 1 , 2 , or 3 > and we thus 
conclude th a t fo r B =0*1, th e re  are no unstable so lu tio n s  to  ( 7 .1 1 ).
When/
A
= 9^  “
When we t r y  o ther values of B we a r r iv e  a t  the same conclusion .
7o4 D iscussion
A nalysis of the s t a b i l i t y  of the nodeless p a r t ie le - l ik e  so lu tio n
of (6*3) rev ea ls  some in te re s t in g  r e s u l t s .
2 i s  found to  be always r e a l  but may be p o s itiv e  or nega tive .
/ /For a given B >  0, th e re  e x is ts  a value of CO denoted a t which the 
/&sign  of 2 changes*
I X*0 h)' <1 2^ i s  negative , g iving 2^ = 0 and 2* = i  2^.
The f a c t  th a t 2! i s  non zero im plies th a t  
the  so lu tio n  i s  unstab le
/ / Z^  ^  I 2^  i s  p o s it iv e , g iving 2^ = 0 and 2® = pure ly
rea l*  The fa c t  th a t  2^ i s  zero im plies th a t
the  so lu tio n  i s  stab le*
The suggestion  th a t  s ta b le  p a r t ic le - l ik e  so lu tio n s  can e x is t  in  
th is  f i e ld  i s  examined in  g re a te r  d e ta i l  in  the next chapter when the 
s t a b i l i t y  of p a r t ic le - l ik e  so lu tio n s  i s  examined by d ir e c t  p e r tu rb a tio n  
techniques*
I f  one considers the  00 s  Q case , one sees from f ig  21 th a t  as
B tends to i t s  upper l im i t  of ^ /16 , th e  value of 2  ^ decreases* This
im plies th a t  the p a r t ic le  takes longer to  decay as B in c re a se s , but to
coun teract th is  the s iz e  of th e  p a r t ic le  a lso  inc reases ( f ig  20) and in
fa c t  on evaluating  the  r a t io  l i f e t im e /s iz e ,  one f in d s  th a t  i t  i s  not 
s tro n g ly /
“  97 “
s tro n g ly  dependent on B as had i n i t i a l l y  been hoped. However, we sh a ll  
see l a t e r  th a t  when CC> i s  not zero , th is  r a t io  does in  f a c t  depend 
s tro n g ly  on the f ie ld  parameters*
So f a r  th e  r e s u l t s  have been presented  in  terms o f the param eter 
Bo This approach i s  sen sib le  fo r  ob ta in ing  r e s u l t s  from f i r s t - o r d e r  
p e rtu rb a tio n  theory , since  one ob ta ins so lu tions to  the eigenvalue 
problem (7*3) by choosing a value of B in  the le g itim a te  range, d eriv in g  
the  p a r t ic le - l ik e  so lu tio n  from (6 .3 ) fo r  th is  value o f B and then  
f in d in g  the eigenvalues (2^, 2^) of (7*3) fo r  chosen values of W fo r  th i s  
value o f Bo Now although B i s  a u se fu l parameter in  obtain ing  th e  
r e s u l t s  we w ill see th a t  i t  i s  more sen sib le  to  analyse th e  r e s u l t s  in  
term s of a new param eter 6> wiiich we define by
6  =  \  ^  8
B i s  thus a param eter independent of W which we w ill see in  the next
chap ter i s  of s ig n ific an c e  in  d ire c t  p e rtu rb a tio n  methods. Hhen 
Co = 0 we have B = Bo
Having derived  th e  d a ta  in  term s of constant B we want to  convert 
our r e s u l t s  to  those of constan t B. I t  i s  convenient to  s p l i t  the 
an a ly sis  in to  two sec tio n s^
( i)  s' <  3/16
( i i )  "s "p? 3/16
¥e consider ( i ) .  The ty p ic a l curves of 2j^ViO^, 2® V lo'' fo r  constan t 
B are  shown in  f ig s  23a and 23b fo r  some values of 'b  ^ ^ /16. Note th a t
th e re  again e x is ts  a c r i t i c a l  value of which we w ill  denote * 
F o r/
<= 9B '==’
/ t i fFor W <  CO^   ^ 2® I s  p u re ly  ima,ginary while fo r  60 >  61^  ^ 
i s  p u re ly  real*
2
s!The value o f 6J^ i s  o f course in tim a te ly  r e la te d  to  the value of
/and i s  a d ire c t  consequence o f the ex istence o f For example
/For B =0o1, th e  value o f 60^ i s  Qo39 t  o*1
/V  f  /This means th a t fo r  B = 0*1 s 0*12, the c r i t i c a l  value of CO, tA CO^
iso.39o [I - (p 'S ir ]
Let us now consider reg ion  ( i i ) .  When B ^ ^ / 1 6, th e re  i s  no 
c r i t i c a l  value of Lk) ±n th e  sense of ( i ) .  There i s  however a  lower 
bound to  the range of values of CO in  which p a r t ic le - l ik e  so lu tio n s 
ex ist*  Such so lu tio n s  can e x is t  only i f  B <6 /1 6 , which im plies
3
I k ' S
For a l l  6o in  th is  ran g e , th e re  e x is ts  a value of 2^, but no value fo r
/2^* Curves of 2^ V CO fo r  some values of B are shewn in  f ig  26*
7*3 Summary
In  th is  chapter th e  s t a b i l i t y  of th e  nodeless p a r t io le - l ik e  so lu tio n  
of (6*5) with time dependence o f the form (1*3) was examined fo r  various 
values of B* I t  was found th a t  an eigenvalue problem s im ila r  to  (3*3) 
occurs but th a t the natu re  of th e  eigenvalue i s  d iffe ren t*  A more con­
venient method o f d isp lay ing  the  r e s u l t s  i s  in  terms of th e  parameter ^  
when two d if fe re n t  types of behaviour occur. For a given ^  <  ^ /16 , th e re  
e x is ts  a c r i t i c a l  value o f , such th a t  fo r  CO  ^ the  only eigenvalues 
a re  of th e  form 2^ = 0  ^ 2^ /  0, while fo r CO > C / we f in d  th a t  2 ’ i s  purely  
r e a l /
-  9 9  -
rea lo  When B ^  / I 65, no eigenvaJ.ues which are complex ex is ts  the
eigenvalue being always p u re ly  rea l*  These r e s u l t s  suggest th a t  fo r  
c o rre c tly  chosen values of the f i e ld  param eters, s ta b le  time-dependent 
p a r t io le - l ik e  so lu tio n s  ex is t*
100
0 0.1
P lo t  o f r i
Fig 21
V B fo r  the case OD = 0 .






o f  V fo r  some p o s lt lv e  values o f  B* 
For each B, there e x is t s  a c r i t ic a l  value o f  W' 
such that fo r  greater than th is  value there  








Graph o f  X ^ v  u /  fo r  some f ix ed  values  
o f  Bo For a given B, there e x is t s  a 
c r i t ic a l  value o f  W'  ^ o)' below which 
no so lu tio n s  o f  th is  type ex ist»










Graphs o f  v (jù and for values o f
0 5 W " 0o J
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Graph o f a ' . w  for  some values o f  B > ) / l6 ,
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Table o f  the c r i t i c a l  values . CO fo r  various values of Bo To^  > C
w ith in  numerical e r ro r  th ese  values a re  id en tica lo
B t o ' t o '
.05 .67 -  .02 .68 -  .03
.075 .51 -  .01 .52 -  .02
.1 .39 -  .01 .39 i  .01
.15 .19 -  .01 .2 i  .02
•15375 .18 i  .01 .19 -  .02
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8o STABILITY OF OKNERALISED FIELD 
BY DIRECT PERTURBATION METHODS
8,1 In tro d u c tio n
The r e s u l t s  o f chap ter 7 using f i r s t - o r d e r  p e r tu rb a tio n  theory  
imply th a t  for c e r ta in  values of CO fo r  ^  >  0, i t  should be p o ssib le  
to  f in d  nodeless tim e-dependent p a r t ic le - l ik e  so lu tio n s  'sivhioh are s ta b le , 
I t  i s  necessary  to  examine th i s  p o s s ib i l i ty  c lo se r using  d ire c t  
p e rtu rb a tio n  methods. The approach resem bles th a t  of chap ter 4 ,
The transfo rm ations p  — K r  K c b  = allow  one
to  reduce (6 ,3 )  to
- i î  =  " j f  _
< s . „
where B -  ^  K The und isturbed  s ta te  i s  again  r e la te d
/to  the s ta te  ÇÛ by‘o
1 rVN - ------------------------r------------ ~ J  Ù^ yU-ÇjD e. = I I -  oc' (p e
~ K
(8 .2)
/where cÇ i s  th e  nodeless so lu tio n  o f (6 ,5 )
A .  =  ( p '  —  c p ' ^  +  B  ( p ' ^
d i r ' -  /  c l r '  ^  ^  ^
Equation (8 ,1 ) involves the param eter B, whereas (6 ,5 ) involves the 
param eter B, These' are  r e la te d  by
B ; (1 - uf )^ (8.3)
One/
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I W " }
As before we w ill define  the reduced energy den sity  ^  as
g "  =  K  ^
Our in te r e s t  l i e s  p a r t ic u la r ly  in  p a r t io le - l ik e  so lu tio n s fo r
which the energy d en s ity  i s  p o s it iv e  d e f in ite , 
d e f in i te  i f
- ± 1
w ill  he p o s it iv e
^  4- A  >  o
>
fo r  a l l  A
(8 .5 )
' / ( s ' * ^  2. %Because p a r t ic le - l ik e  so lu tio n s  e x is t  only fo r  B [= B (1 -  (a/  )] ^  / ’^ 6,
can only be obtained i f
/Z
a value of B ^
( I —  \ILË' J (8.6)
This means th a t s ta te s  w ith p o s it iv e  d e f in i te  energy d en s ity  can only 
occur i f  th e  p a r t io le - l ik e  so lu tio n  i s  tim e-dependent• This immediately 
r a is e s  the question  “Could s t a b i l i t y  be r e la te d  to  @ being p o s itiv e  
d e f in i te ? ” The answer i s  no. I t  w ill  be shown th a t s ta te s  w ith  
p o s itiv e  d e f in ite  energy d e n s ity  are s ta b le ,  but th a t s ta b le  s t a t e s  fo r  
wiiich the energy den sity  i s  not p o s itiv e  d e f in i te  can a lso  e x is t ,  4
/V /graph o f th e  (B, 60 ) spaoe i s  g iven in  f ig  2?, The reg ions where
(a ) p a r t io le - l ik e  so lu tio n s  e x is t
(h) so lu tio n s fo r  ^vhioh Q, must be p o s itiv e  d e f in i te
(o)/
(c ) so lu tio n s  where §  need not be p o s itiv e  d e f in i te
/are  marked on th is  graph. Also marked i s  the curve of o r i t i c a l  
as a fun c tio n  of B, obtained  in  ch ap ter 7, For W > f i r s t -  
o rder p e rtu rb a tio n  theory  im plies s t a b i l i t y .  This in  tu rn  im plies th a t  
s ta b le  p a r t ic le - l ik e  so lu tio n s can e x is t  fo r  which & is  not p o s it iv e  
d e f in i te .  For example the  p o in t ^ / y i  6 B =0,1 is^
from f i r s t - o r d e r  p e r tu rb a tio n  th eo iy  a s ta b le  po in t but i t  does not l i e
â rv/ %i s  p o s it iv e  d e f in ite  since B i s  le s s  than  /1 6 , 
I t  might be argued th a t  we have been too severe in  requesting  
th a t  0  remain p o s itiv e  d e f in i te  fo r  a l l  d is tu rb an ces . A fter a l l ,  
se c tio n  7 deals w ith sm all d is tu rb an ces , and thus th e  co nd ition  of 
s t a b i l i t y  to  small d istu rb an ces might not be th a t ê  be p o s itiv e  
d e f in i te  to  a l l  d istu rb an ces but only so to  small d is tu rb an ces . I t  
can again  be shown th a t  th i s  hypothesis i s  not l ik e ly  to  be c o r re c t .
Let us consider the case B =0,1, Then ê  as given by (6 ,6 )  becomes 
p o s itiv e  d e f in i te  when
5  + IU 6  = 0.55.
But i f  one r e f e r s  back to  chap ter 7 , one sees th a t  the  value o f COg
fo r  B =0o1 i s  o39 “ o01. TMs means th a t according to  f i r s t - o r d e r  pertu rb '
a t  ion  theory  we can have s ta b le  so lu tio n s fo r  which not even th e  und is­
turbed  p a r t ic le - l ik e  so lu tio n  need have an energy d en s ity  which i s  every­
where p o s it iv e . L a te r, in  ch ap ter 9 we suggest a c r i te r io n  fo r  s t a b i l i t y ,  
which i s  r e la te d  not to  the energy d en s ity , but to  the t o t a l  in te g ra te d  
energy. We now v e r ify  some of th e  r e s u l t s  of chapter 7 by d ire c t p e r­
tu rb a tio n  methods.
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8o2 Examination of the s t a b i l i t y  of p a r t ic le - l ik e  so lu tio n s
Exsmination of f ig  2? shows th a t  the  (B, OD) plane cari oe s p l i t  
in to  4 d is t in c t  regionso
■2( i )  Region fo r  which no p a r tio le -lik e  so lu tio n s  e x is t  (i*e* B >  /1 6 )
( i i )  Region in  which p a r t io le - l ik e  so lu tio n s e x is t  fo r  which the
energy d e n s ity  i s  u n co n d itio n a lly  p o s itiv e  d e f in i te  (b  >  ^ /1 6 ) . 
The r e s u l t s  of f i r s t - o r d e r  p e rtu rb a tio n  theory^ imply the 
existernae of s ta b le  so lu tio n s .
( i i i )  Region in  which p a r t io le - l ik e  so lu tio n s  e x is t  fo r  which ^
need not be p o sitiv e  d e f in i te  but which a re  p red ic ted  to  be
s ta b le  from the r e s u l t s  o f f i r s t - o r d e r  p e rtu rb a tio n  th eo ry ,
( iv )  Region in  which the  r e s u l t s  of f i r s t - o r d e r  p e rtu rb a tio n  theory  
p re d ic t th a t  so lu tio n s  are  unstable  
Let us denote ty p ic a l p o in ts  in  the regions ( i i ) ,  ( i i i ) ,  ( iv )  by
S, R, U re sp e c tiv e ly ,
liVhen a ^partic le*  i s  u n s tab le , then  a convenaient manner of
fo llow ing  i t s  decay and so d iscussing  i t s  s t a b i l i ty  and decay modes, i s
to  p lo t the reduced energy d en s ity  % ag a in st the  reduced r a d ia l  d is tan ce
fo r  a se r ie s  of values of reduced time . This was the metnod used
to  i l l u s t r a t e  the s in g u la r  and d is s ip a tiv e  decays in  the  ^  = 0 case 
discussed in  chapter 4 , I f  the 'p a r tic le ' i s  s ta b le , then th is  method 
i s  not s a t is f a c to ry , and an a l te rn a t iv e  method of re p re se n ta tio n  i s  
adopted. I t  was found p re fe rab le  to  p lo t the energy and th e  charge within  
given r a d i i  as a function  of 
We/
*3 a m A «a
We define
=  h r ( 8 . 7 )
~ U-IC h , d r '  ( 8 .8)u>
Jo
where Q  i s  given
=  - - i  ( - l i  r r ,  -dV>  -  9 * ^ ,
8o3 S ta b i l i ty  o f S
î'o r i l l u s t r a t i o n  purposes we take a d e f in i te  p o in t S in  reg ion
( i i ) a  For th is  d iscu ss io n  S i s  taken  to  he the p o in t B = ^/18,
Oo8« In  th is  section^ by a s e r ie s  of graphs, we w ill i l l u s t r a t e  th e  
e f fe c t  o f various types of d istu rbance  on S, showing how s ta b le  S 
r e a l ly  i s .  A d istu rbance to  which S i s  un stab le  w ill  a lso  be given*
Thus, although S can be destroyed , i t  w ill  be shown to  be capable of 
w ithstanding extrem ely severe disturbances*  In  sec tio n s  8*4 and 8*5 
we consider th e  s t a b i l i t y  of p o in ts  R and U though in  le s s  d e ta il*  A 
d iscussion  o f the r e s u l t s  i s  postponed u n t i l  chap ter 9*
Random d istu rbances s im ila r  to  those app lied  to  the B = 0 case 
were ap p lied  to  S* To a l l  such d is tu rb an ces , S was com pletely stab le*
For an undisturbed s ta te ,  a graph of S (a ) ,  Q (a) V fo r various 
a would co n s is t o f a s e r ie s  o f s tr a ig n t  l in e s  p a r a l le l  to  the ^  a x is . 
When/
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When S was d istu rb ed  by random d is tu rb an ces , the behaviour so c lo ee ly  
approximated th i s  monotonous form, th a t no graphs of th i s  are given* 
In s tead  we consider more in te re s t in g  phenomena
Fig 28 i s  an example o f what happens when the so lu tio n  fo r  S 
i s  s tre tch ed  and then l e t  go* Ê (a ), Q(a) are  p lo tte d  ag a in st T/ fo r  
the  values a = 2, 4 g 6, 8, except th a t  Q (8) i s  not drawn because i t  
i s  too c lose  to  Q (6) to  re so lv e  c learly*  The s tre tc h in g  corresponds 
to  d is tu rb in g  the p a r t ic le  to  the  s ta te
I- a /OS
Y ' i f - o
where ie  the und isturbed  so lu tio n  fo r  8* As can be seen from
the graph, the p a r t ic le  r a d ia te s  only some of the excess energy i t  
acquired from the s tre tc h in g  bu t re tu rn s  to  an undisturbed  s ta te .  
There is  some evidence of o s c i l la t io n  in  the 1 (a ) , Q(a) le v e ls .  For 
example, Ê(6) can be seen to  have a long period  o s c i l la t io n  and S(2) 
to  have a short period  o sc illa tio n *
Some attem pts were made to  fo rce  the p a r t ic le  to  o s c i l la te  a t  
an unnatural frequency* An example of th is  i s  given below. The 
d is tu rb ed  s ta te  i s  defined  by
=  O' ^ ( p ' e
i
The n a tu ra l angular frequency of o s c i l la t io n  i s  OO = 0*8, and we have 
th u s /
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thus decreased th i s  frequency from the n a tu ra l value to  an unnatural 
value of 0*5o The r e s u l t  of so doing i s  shovm in  f ig  29  where S (2 ),
1(4), 1(6), Q(2), Q(4) are p lo tte d  as functions of Y .  There a re  
several p o in ts  to  note here* In  f ig  28 o s c i l la t io n s  in  the E, Q 
le v e ls  were only ju s t  d isc e rn ab le , but here they  are c le a r ly  v is ib le  
on both the charge and energy le v e ls .  Although S(oo) i s  not a c tu a lly  
p lo t te d , i t  i s  only m arginally  la rg e r  than 1(6) since e f fe c t iv e ly  a l l  
of the energy i s  contained w ith in  a sphere of rad iu s  Ç  = 6*  This 
means th a t  e ( o o ) fo r  th is  case i s  considerably  le s s  than Ê(oo) fo r  th e  
undisturbed s ta te ,  y e t th e re  i s  no decay* (For the undisturbed  s ta te  
S, the value o f l(o o )  i s  38*0) Some energy i s  ra d ia ted  as can b e  seen
from 1 (6 ), but i f  one in te g ra te s  fo r  a longer time than shovm on the
graph, 1(6) le v e ls  out* F u rth e r, although the o s c i l la t io n s  are of 
f ix ed  p erio d , th is  does not rep resen t a steady s ta te .  The am plitude 
of the o s c i l la t io n s  i s  decreasing  and the  magnitudes of 1(2), Q(2) 
show signs o f in c reas in g  slowly* This probably rep re sen ts  an attem pt of 
to  re tu rn  to  some equ ilib rium  p o s itio n , though the re tu rn  i s  slow 
and cannot be to  the  i n i t i a l  undisturbed  s ta te .  This w il l  be d iscussed  
fu r th e r  in  chap ter 9 . From f ig  29 the angular frequency of th e  o s c i l la t io n s  
can be e stim ated  to  b e 1*6 rad ian s/u n it o f %
D isturbances, i n i t i a t i n g  ou tside  the  p a r t ic le  ra d iu s , were t r i e d .
These d istu rbances are  s im ila r  in  behaviour to  th a t  shown in  f ig  11 in  
chap ter 4 except th a t  in  th i s  case the  p a r tic le  does not decay* Dis­
tu rbances o s c i l la t in g  a t  a frequency 60 1 were a lso  t r i e d  in  an
a ttem p t/
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a ttem pt to  induce a decay but w ithout success* Some of the d istu rbances 
f a l l in g  in to  the above ca teg o rie s  can be seen from the graphs 31 -  35 
to  be extrem ely severe y e t the p a r t ic le  has no tendency to  decay, 
though i t  u su a lly  r a d ia te s  some energy before s e t t l i n g  dovrn*
Fig 30. The d istu rbance  ap p lied ..is





■ = 0 '03  (O <p z
This d istu rbance causes no g rea t change in  the energy co n fig u ra tio n  of 
the p a r t ic le ,  though th e re  i s  an i n i t i a l  period  o f adjustm ent, and th e re  
i s  o s c i l la t io n ,  c le a r ly  v is ib le  on the le v e ls  E (2), Q (2), i(4 )o  The 
angular frequency of th is  o s c i l la t io n  i s  N l * 6  ra d ia n s /u n it  of Y  .
Fig 31. The d istu rbance in  th i s  c a s e , i s  defined  by
C  ( w )V J  .
0 0where i s  defined  in  Appendix M*
One can see the d istu rbance tr a v e l l in g  in  and c o llid in g  w ith the 
p a r tic le *  I t  en te rs  the rad iu s  0  = 6 a t  ^  ^  l\. u n i ts ,  the rad iu s
(p ~ 4 a t ^ ^ 7  un i,ts , 0  = 2 a t ^ * ^ 1 0  u n its*  There i s  a lso  
some evidence o f the d istu rbance tra v e ll in g  outwards a f te r  ex c itin g  
the p a r t ic le  but th i s  i s  le s s  w ell defined because the  p a r t ic le  i s  now 
in  an excited  s ta te*  A fter e x c ita t io n , th e re  i s  a period  of readjustm ent 
and then  a re tu rn  to  a more steady  s ta te  which can be seen to  be more 
or le s s  the  same as the  i n i t i a l  unperturbed s ta te*  There i s  a lso  some 
evidence/
«=• i  1 5 ™
of o s c i l la t io n  p a r t ic u la r ly  on Ê (4 ), but the amplitude of th is  i s  small*
Fig 32 , In  th i s  case the  d istu rbance i s  of the same form as fo r f ig  
31 but is  app lied  nearer the p a r t ic le  a t  0  = 4o Thus i t  has a lready
entered  the r a d i i  Q = 1 0 ,  6, bu t i t  can be c le a r ly  seen en te rin g  th e  
rad iu s  0 = 2 ,  t r a v e l l in g  in  to  0  = 0 and propagating outward 
through the now w holly ex c ited  p artic le  * This d istu rbance i s  fa ir  ly  
v io le n t causing marked o sc illa tio n *  A considerable amount of excess 
energy i s  ra d ia te d  as can be seen by the rap id  f a l l  o f S(10) and Ê (6 ).
The angular frequency of the o s c i l la t io n s  i s  ^  1*6 ra d ia n s /u n its  of ^
Fig 33* This gives a clear in d ic a tio n  of a d istu rbance  app lied  w ell 
ou tside  the p a r t ic le - ra d iu s  t r a v e l l in g  in  to  ^  = 0  and then propagating 
outwards aga in  leav ing  the p a rtic le  in  an exc ited  s ta te*  I t  quickly  
re tu rn s  to  a more or le s s  equ ilib rium  s ta te ,  however, ex h ib itin g  some 
long period  o s c i l la t io n s  as i t  does so* An estim ate of the  angular 
frequency of th e se  slow o s c i l la t io n s  i s  0*2 radians/ '“V -  unit*
Fig 34o This d istu rbance i s  e f fe c t iv e ly  two d istu rb an ces , both  
ou tside  the  par t i d e - r a d i u s ,  but one fu r th e r  out than the other. I n i t i a l l y ,  
5(20) con tains one d istu rbance  cen tre  but not the o th e r, which can be 
seen en te rin g  the rad iu s  Q  = 20. I n i t i a l l y  both d is tu rb an ces l i e  
outside 0  = 6 *  The f i r s t  one can be seen en te rin g  but the en trance of 
the  second is  masked because of th e  e x c ita tio n  caused by the f i r s t .
One e f f e c t  of th i s  double d istu rbance  i s  to  produce la rg e  o s c i l la t io n s  
of long period . Even in  the  time in te rv a l  shown, the amplitude of these  
decreases., and i f  one in te g ra te s  fo r a longer tim e than  shown in  the 
f ig u r e /
f ig u re ,  a re tu rn  to  an unexcited  s t a t e  c lose  to the i n i t i a l  und istu rbed  
s ta te  re su lts*  An estim ate  of the  angular frequency of the slow 
o s c i l la t io n s  i s  ^  0,25 ra d ia n s / 'S  -  unit*
This d isturbance i s  defined  by
t . z o .  9 -f-
d ' t '\; = o
S ’ . C ( . 1 5 t o .  Q  (%%)
Fig 35. When the d istu rbance given by
t . 2 Ç C I 0 )
t n O d X
L 2  g  oo)
i s  ap p lied , i t  has the e f f e c t  on the p a r t ic le  shown in  f ig  35. Again 
the d istu rbance can be c le a r ly  seen en tering  0  = 1 0 ,  8 , 6, 4 , 2 and
can a lso  in  a sense be seen leav in g , p a r t ic u la r ly  so fo r  the r a d i i  
(O = 6, 8, 10, The p a r t ic le  i s  provoked by the d istu rbance  in to  
producing both long and sh o rt period  o s c i l la t io n s ,  the sho rt period ones 
being most v is ib le  on Ë (2 ), Q(2), E(4)-, and the long period  ones on Q(4),
Q(6), 5 (4 ) , 5 (6 ), 5 (8 ), 1 (1 0 ),
The long period  o s c i l la t io n s  have an estim a ted  angular frequency of 
0,22 ra d ia n s /^ 'u n ito  For the sh o rte r  period o s c i l la t io n s  the ap p ro p ria te  
value i s  ^  1*5 ra d ia n s /u n it  o f Y ,
So f a r  a v a r ie ty  o f d istu rbances have been ap p lied  to S, but the 
p a r t i c l e /
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p a r t ic le  has never responded by decaying. I t  has u su a lly  o s c i l la te d , 
and ra d ia te d  some energy, but th e re  has never been any attem pt a t  a 
decay, A disturbance i s  now given which induces a d is s ip a tiv e  decay* 
We in v e s tig a te d  the behaviour of S to  the d istu rbance
i f ) c>X 'tf = o where ' f '  has the  form
—  _  9 - i Z i f
i f  =  e  +  O ' o i  Ç  c p '  ^
and (p i s  the s p a t ia l  p a rt of the unperturbed s ta te  fo r  the values of 
the param eters B =0*1, ( 0 = 0 -  The e f fe c t of applying th is  d istu rbance
can be seen in  f ig  36, The p a r t ic le  responds by ra p id ly  decaying 
i , e ,  ra d ia tin g  a l l  i t s  energy^ This is  an example of a d is s ip a tiv e  
decay. Although th is  shows th a t  S i s  not uncond itiona lly  s ta b le , i t  
i s  s tre s se d  th a t  i t  i s  nev erth e less  exceedingly s tab le  being capable 
of w ithstanding extrem ely severe d istu rbances.
Conclusion
The p a r t ic le - l ik e  so lu tio n  fo r  the po in t g has ^  p o s itiv e  
d e f in ite  and i s  s ta b le  to  extrem ely severe d is tu rb an ces , as well as to  
sm all d is tu rb an ces . In  g en era l, when one ap p lie s  a la rg e  d istu rbance 
the  p a r t ic le  i s  ex c ited  and u su a lly  provoked in to  r a d ia tin g  some excess 
energy before re tu rn in g  to  a calmer s ta te .  During th is  balming down* 
period  there  i s  a tendency fo r  th e  p a r t ic le  to  show o s c i l la t io n s .  Two 
types of o s c i l la t io n  occur, a long period low frequency o s c i l la t io n ,  
and a h igher frequency o s c i l la t io n .  In  general the angular frequency 
o f /
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of the low frequency o s c i l la t io n  i s  of th e  order of 0*2 ra d ia n s /u n it  
o f Y  while fo r  the high frequency o s c i l la t io n  th i s  value i s  /v 1 *6 
ra d ia n s /  tT ^unit*
8o4 Stabi l i t y  of R*fgii nO, i Xi i oahi* —.........
Examination o f the s t a b i l i t y  of R rev ea ls  th a t the r e s u l t s  of 
f i r s t - o r d e r  p e r tu rb a tio n  theory  are co rrec t and th a t  such p o in ts  
r e a l ly  are stable* We give a few examples, talcing as a ty p ic a l  p o in t, 
the  one defined  by B = 5 /32 , W = 0*6*
Fig 37 The d istu rbance given by
^ , 1  = -  ^ C i f )  -  i  ^  (i^)  =  5  5  ci+)
i s  applied* This i s  a d istu rb an ce  app lied  o u tsid e  the p a r t ic le  radius* 
The behaviour i s  s im ila r  to  th a t  exh ib ited  by 8 ; th e re  i s  a period  
of e x c ita tio n  follow ed by a r e tu rn  to  a calmer behaviour, w ith evidence 
o f damped o s c i l la t io n s ,  the angular frequency of which is  estim ated  
to  be rv O065 r a d i a n s / u n i t  *
Fig 38. The d istu rbance in  th is  case is  extremely severe ye t the 
p a r t ic le  surv ives though i t  does ra d ia te  some excess energy* This 
example shows how d ra s t ic  a d istu rbance such a s ta te  can withstand* 
O sc illa tio n  and a r e tu rn  to  a le s s  exc ited  s ta te  are again  m anifest*
The d istu rbance i s  defined  by
L 3 Y
5  Ç  ( 4 .)  e
r - o  '
3  I f ,  
5 ) 1
LI S (4)  6
l 3 X
1 ^ = 0
0
Fig 39 This corresponds to  a s tre tc h in g  of the  p a r tic le *  Large 
o s c i l la t io n s  occur w ith decaying am plitude. The p a r t ic le  re tu rn s  to 
a steady  sta te*  An estim ate  of the angular frequency i s  Oo6 ra d ia n s /  
^ -  u n it  * In  th is  case i t  i s  a lso  possib le  to  es tim ate  the damping 
fa c to r  a t  0Æ 5 /T -u n it*  The i n i t i a l  d is tu rb ed  s ta te  i s  given by
|. 125 Ÿ 0/5





8*5 Examination of Ü
This s ta te  is  s im ila r  to  the B = 0 case in  th a t  i t  i s  h igh ly  
u n s ta b le . There is  a d iffe re n ce  however. The s in g u la r  decay as 
described  in  chap ter 4 does not occur, but i s  rep laced  by another 
unphysioal decay, which a lso  i s  a consequence of not being p o s it iv e  
d e fin ite*  An example of th is  decay mode i s  shown in  f ig  40. U i s  
taken  to  be the  p o in t B = 0*1, W .= 0*2. The d isturbance i s  a random 
one sim ila r to  th a t used f o r  the B = 0 case . In stead  of going s in g u la r, 
th e r e /
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th e re  is  a tendency fo r S  to  he made negative and constan t over an 
in c reas in g ly  la rg e  sphere* The negative energy req u ired  to  do t h i s  i s  
obtained by in c reas in g  the  energy in  the  ^  p o s itiv e  region* This 
was a lso  done in  the s ingu lar decay mode of the B = 0 case , but then  
the  p o s itiv e  bump did  not t r a v e l  outwards as i t  must do here* The
negative value th a t  wishes to  o b ta in  seems to  be c h a ra c te r is t ic  
fo r  a given B, 60. For example f ig  41 shows the e f fe c t of s tre tc h in g  
the p a r tic le *  When re le a se d , th e re  is  an immediate tendency to  adopt 
the above decay . A b r ie f  exam ination of f ig s  40 and 41 i s  s u f f ic ie n t  
to  show th a t both so lu tio n s  want to  a t ta in  the  constant value = « 7.2
A*' /For d if fe re n t d istu rbances fo r  t h i s  value of B and CO th is  same 
tendency is  observed*
Summa)
The r e s u l t s  o f f i r s t  order p e rtu rb a tio n  theory  are confirmed by 
d ire c t  p e rtu rb a tio n  tech n iq u es. The c r i te r io n  fo r  s t a b i l i t y  i s  shown 
not to  be th a t  & be p o s itiv e  d e f in i te .  The s t a b i l i t y  of a poin t fo r  
which & must be p o s it iv e  d e f in i te  (S ), one fo r  which i t  need not be (R), 
and one fo r  which i t  i s  not (u) are considered . F irs t-o rd e r  p e rtu rb a tio n  
theory  p red ic ts  both S and R to  be s ta b le . I t  is  found th a t  R and S 
ex h ib it very much th e  same behaviour, th a t  both are in  f a c t  extrem ely 
s ta b le , though both can be destroyed , U i s  ra th e r  u n in te re s tin g  because 
i t  i s  so u n s tab le , A consequence of the  f a c t  th a t  (§ i s  not p o s itiv e  
d e f in i te ,  is  th a t  an unphysical decay mode fo r  U i s  p o s s ib le , whereby 0  
assumes/
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assumes some nega tive constan t value over a reg ion  of space which 
in c reases  as increases*  To compensate fo r  the  negative  energy,










Graph o f  B v W showing how the  space s p l i t s  
in to  four regionSo
(I) Region o f  no p a r t ic le = lik e  so lu tio n s  ( B ^ 3/16)»
(I I )  Region where th e  energy d e n s ity  I s  p o s i t iv e  d e f in i te ,  
( i l l )  Region o f  sta b le  so lu tio n s  w ith  S  n o t tv e  d e f in i te ,  
( iv )  Region o f  uns ta b lé  p a r t ic le - l ik e  so lu tio n so
Figs 28 -  39 in c lu s iv e  are  copies of graphs produced by the 
SC 4 0 2 0  g raph ica l output u n it of the Science Research Council 
A-fclas Computer, C h ilton . The graphs show the reduced  energy 5 (a) 
and the reduced charge Q(a) p lo tte d  ag a in s t the reduced time X  
fo r  various values of a* The l e t t e r s  E, Q a t  the le f t-h a n d  side  
in d ic a te  whether the curve i s  an energy or a charge curve, and th e  
numbers a t  the r ig h t-h an d  side  give the values of a fo r  th a t curve 
The undisturbed le v e ls  fo r  5 (a ) ,  Q(a) fo r th e  po in t S a re  
given below*
a S (a) Q(a)
2 6*0 ko9
4 2 9 ,9 18.0
6 3 7 . 4 2 0 .7
8 38,1 2 0 ,9 4
10 3 8 ,2 20.95
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Graph o f  the reduced energy d en sity  again st reduced rad ia l 
distance at a s e r ie s  o f  reduced tim es fo r  the p o in t U» 
tends to assume the value =7<>2 over an in creasin g  radius
10 -
0  f o r  v a r io u s  reduced tim es fo r  the  
Note how the reduced energy d en sity  
t  a uniform  n e g a tiv e  value  - 7^2
P lo t  o f  
case B s
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9o DISCUSSION OP THE RESULTS OP CHAPTERS 7wj n Uw h»i icmnw wgkwfis*
AND 8 AND SIGNIFICANCE OF i m  ENERGYo 
9 o1 In tro d u c tio n
In  chap ters 7 and 8 the  s t a b i l i ty  of p a r t ic le - l ik e  so lu tio n s  
fo r  B ^ 0 was examined by f i r s t - o r d e r  and d ir e c t  p e r tu rb a tio n  
methodso The agreement between the two methods was found to  be 
goodo In  p a r t ic u la r ,  the so lu tio n s  p red ic ted  s ta b le  by f i r s t - o r d e r  
p e r tu rb a tio n  theory  were indeed found to be extremely stab le*  In  
chapter 8 we a ls o  d iscounted  some simple c r i t e r i a  fo r  s ta b i l i ty *  In
th is  chap ter we suggest a  c r i te r io n  for  s t a b i l i t y  showing th a t  the
/ / c r i t i c a l  value of i s  in  f a c t  the value of CO fo r  which S as a
fu n c tio n  of Co fo r  a f ix e d  B has a local, maximum. E a lso  has a lo c a l
minimum but th i s  has no obvious sign ificance*
9o2 Some in te g ra l  r e la tio n s h ip s*... .................... . in    ■ m il I ............. ........................................... ....................
Equation (6*5) can be c o n s is te n tly  derived, from th e  v a r ia tio n a l 
p r in c ip le  ÔL s= 0 where L i s  defined  by
[Equation (9o1) can be ob ta ined  by in s e r t in g  the form ^  — (p  4- 
in to  (6 ,2 ) and applying th e  tran sfo rm atio n  ( 1 ,5 ) , ] .  I f  we in s e r t  
Cp ss in to  (9o1)s, where f ( r« )  i s  defined  t o  be an
exact so lu tio n  o f (9 .1 ) , then  we ob ta in










'  4 .  J ( p ' V
r  , 6 , 2. ,p  r  d (r
J (9 . 3 )
d k \S im ila rly ^  O  im plies '
- 5 [ V V ^ /  4 . V t / r ' V V
(9 .4 )
Thus
C p ' V ^ l /  -  ^
(9 .5 )
Using (9o3) and (9*4) i t  i s  p o ss ib le  to  reduce the expression  fo r  the  
energy E s  where ^  i s  given by (6 ,6 )  to




E2(B), E6(b ) hy
E2(b ) = j| cp' r '^ d r  
E6(b ) = r  (jj'**r'^dr (9 .7 )
A s im ila r  procedure to  th i s  has been used by Rosen in  d eriv in g  the 
P seudov iria l Theorem,
139
Where we have e x p l ic i t ly  shown the dependence of E2, e6 on B, Defining 
hy f  the expression  we can express E as
r  -  ^  E Z c e )  _  £ ^ ( B )
9,3  P lo ttin g  § as a fu n c tio n  of CO  ^fo r  fix ed  ^
In  ta b le  7 the values of E2(B), e6(b) are given fo r  a s e r ie s  o f 
values of p o s it iv e  B, Using th ese  values i t  i s  possib le  to  p lo t th e  
curves of E fo r  a constan t B, There are two d if fe re n t types
of curve,
( i )  B <  3/16 
( i i )  S ’ >  3/16.
In  f ig  2f2 we p lo t  E V do'’ fo r  various B le s s  than  3 /16 . Note th a t  
th is  type of curve i s  c h a ra c te r ise d  by having a lo c a l f i n i t e  maximum, 
two lo c a l minima^ one a t 0, and one a t a non zero and an
in f in i t e  maximum a t a /  = 1 , The energy curve e x is ts  f o r  a l l  
in  th e  le g itim a te  range i . e .  0 ^
In  f i g  43 we p lo t B v UJ^ fo r  various B g re a te r  than  ^ /16 . A 
ty p ic a l curve in  th is  ca se  has a lo c a l minimum, and two maxima, one a t 
= 1, the o th er a t some lower value of denoted which i s
th a t  value of W^^for which
B = B (1 -  to ' ) = ^ / ^6.
For A) th e re  are no p a r t ie  l e - l ik e  so lu tio n s  (since  th i s  corresponds
to  a value of B /1 6 )  and consequently th e re  i s  no value fo r  Ê#
A-» ^  i  / /9 .4  S ign ificance of th e  lo c a l  maximum fo r  B ^  ‘' / l b .
The value of denoted , a t  yhioh E has i t s  lo c a l maximumM
fo r a given B, i s  found to  be equal to  th a t value of co a t which th e  
p a r t ic le - l ik e  so lu tio n  fo r  the  chosen value of Ib goes s ta b le  i , e ,  to  be
equal to  Lo , In  ta b le  8 we record  the values o f , to fo rc M ' c
various values of B < /1 6 , Comparison shows th a t  these values are equal 
to  w ith in  numerical error* For B i t  i s  d if f ic u lt  to o b ta in
p a r t ic le - l ik e  so lu tio n s  and in  consequence th is  agreement cannot be te s te d  
in  th is  l im it  ( 0 ) , Also fo r  60^—>1 i t  i s  again  d i f f i c u l t  to  ob ta in
accura te  values fo r comparison. However, i t  seems a reasonable hypothesis
to  suggest th a t  in  fa ct and are  tru ly  id e n tic a l.c M
I t  i s  in te re s t in g  to  note th a t energy considera tions lead  one to  
s p l i t  up the (B, ) plane in to  ex ac tly  the same reg ions as s t a b i l i t y
con sid era tio n s do. One s p l i t s  the plane in to  the reg ions 
i . e .  ( i )  Region of no p a r t ic le - l ik e  so lu tio n s
( i i )  Region where E has two in f in i t e  maxima and one lo c a l 
minimum ^  ^ /1 6)
( i l l )  ( iv )  Region where E has two lo c a l minima, a lo c a l f i n i t e  maximum 
and an in f in i t e  maximum* The regions ( i i i )  and ( iv )  a re  
se p a ra te d /
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separa ted  by the  l in e  Region ( i i i )  corresponds to
and reg io n  ( iv )  to
9.5 Apparent lack  of s ig n ific an c e  of the lo c a l minimum
Section (9 .4 ) d e a lt  w ith  the s ig n ifican ce  of the lo c a l maximum 
which occurs fo r  any p o s itiv e  ^  ^/16« We now consider th e  lo c a l
/x/minimumo In  th i s  case th e re  i s  no requirem ent fo r  B to  be le s s  than  
3/ I 6* I t  i s  convenient to  concen tra te  the d iscu ss io n  on the  value
R ,B s  /18g since th is  i s  the value o f B fo r  th e  p o in ts  considered in  
se c tio n  8,3* A graph of S v bù fo r  B^ = ^/18 i s  shown in  f ig  43b* 
Notice the  sharpness of the  minimum and how, fo r  the po in t the  
e n e r ^  i s  considerab ly  above the  minimum value.
In  general when we d is tu rb ed  we changed the energy of th i s
s ta te  to  some new value , "e say* I t  was found th a t some of th is  
energy was ra d ia te d  before the ex c ite d  s ta te  s e t t le d  down. In  f i g  44 
we p lo t  the values of E to  which E  ^ i s  pertu rbed  and a lso  the energy 
le v e ls  to  which the d is tu rb ed  s ta te  re tu rn s  fo r  a number of ty p ic a l 
d isturbances* N otice th a t  fo r  fou r decays, E re tu rn s  to  S , but in  
general th i s  does not occur» More im portan t, n o tic e  th a t  th e re  i s  no 
tendency fo r  a d is tu rb e d  le v e l  to  ra d ia te  s u f f ic ie n t  energy to  allow  
i t  to  decay to  the s ta te  of minimum energy* I t  would have been 
a t t r a c t iv e  i f  th i s  had occurred fo r  then  the s ta te  o f lowest energy 
fo r a given ^  would have been the  s ta te  of maximum s t a b i l i t y .  We would 
then have been ju s t i f i e d  in  tak in g  the value o f (si  fo r  which th i s  
occu rred /
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occurred as the only s ig n if ic a n t one, since a p a r t ic le  would never he 
found in  an energy le v e l above t h i s  value, being in clin ed  to decay 
to  th is  lowest le v e l .  But a la s  th i s  does not occur. In  a sense the  
p a r t ic le - l ik e  s ta te s  are ^  s ta b le  th a t even when d is tu rb ed  they  do 
not want to  decay even to  a low est le v e l ,
9o6 Assignment of Param eters
I t  was i n i t ia l ly  hoped th a t  th e  f i e ld  equation ( 6*3 ) would give
r i s e  to  p a r tio le -lik e  so lu tions whose l ife t im e /s iz e  r a t io  would be
a function of X . For the case -  0 i t  has been shown th a t  th is
i s  e s s e n tia l ly  not so , and th a t  th is  r a t io  is  approxim ately a constant
independent o f  X .
However, fo r  the  cas© CO /  0, our hopes are f u l f i l l e d .  I t  has
been shown that for certa in  00 , the p a r tic le  i s  stable i . e .  the
l ife t im e  is  in f in i t e ,  and consequently the life t im e /s iz e  r a t io  i s
in f in ite  * At the  o th er extreme, in  th e  unstable region s , the l i f e t im e /
18i&e r a t io  i s  as small as
D espite the  apparent fu lfillm en t of our hopes, c e r ta in  defec ts  
remain even for thi.s generalised  f ie ld *
(1) The param eters s t i l l  have too much freedom i . e ,  no sen sib le  
way of f ix in g  60 or B emerges from the theory* I t  would have been 
encouraging i f ,  fo r  a given B, the  s ta te  of minimum energy had been 
the  s ta te  of g re a te s t  s ta b ility *  This would then  a t  l e a s t  have allowed 
us to  f ix  W fo r  a given B* But th i s  does not occurs 60 cannot be 
f ix e c /
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f ix ed  in  th i s  manner,
( 2 ) This f i e l d  rep re se n ts  a spiaLess p a r t ic le  « i .e o  a boson*
In  n a tu re  th e re  are no s ta b le  bosons: a l l  s ta b le  p a r t ic le s  are
ferm io n so Thus th is  f i e ld  cannot sen s ib ly  rep resen t a physical 
p a r t ic le .  One could p o ss ib ly  in troduce  o ther f i e ld s  in to  the 
Lagrangian to  induce decay, though such ad hoc com plications would 
go ag a in st the s p i r i t  of the p resen t in v estig a tio n *
9o7 Summary
Some in te g ra l  r e la t io n s  s a t i s f ie d  by p a r t ic le - l ik e  so lu tio n s 
are g iven which allow  one to  sim p lify  the expression  fo r  the reduced
c*=> j /energy E* Graphs of E fo r  a given B are  then  drawn. I t  i s  found 
th a t  from such co n sid era tio n s th e  (B  ^ W ) plane can be s p l i t  in to  
the  same reg ions as those r e s u lt in g  from analysing  the r e s u l t s  of 
f i r s t - o r d e r  p e rtu rb a tio n  theory*
For B ]> /1 6 , E has two maxima and a lo c a l  minimum*
For ^  6, E has two lo c a l minima separated  by a lo c a l maximum.
One fin d s  in  th is  l a t t e r  case , fo r  th e  range of values o f W 
in v e s tig a te d , th a t th e re  i s  a d ir e c t  c o r re la tio n  between the  c r i t i c a l  
values oj^ and maximum values .
The lo c a l minimum which occurs fo r  non se re  ^  i s  considered*
I t  i s  shown w ith  the a id  of r e s u l t s  from sec tio n  8*3 th a t th is  minimum 
i s  not as s ig n if ic a n t  as one would have hoped* A suggested method of 
f ix in g  using th is  minimum consequently f a i ls *
T h is /
1lf4
This f i e l d  i s  shown to  have c e r ta in  d e fe c ts . For example, 
although we have found so lu tio n s  which are s ta b le , so lu tio n s fo r  
which the energy density  i s  p o s it iv e  d e f in i te ,  and so lu tio n s  fo r  which 
the  l i f e t im e /s iz e  r a t io  i s  a fu n c tio n  of the equation param eters, we 
s t i l l  have not found a way of s a t i s f a c to r i ly  f ix in g  these  f i e ld  
param eters -  th e re  e x is ts  a continuous spectrum of p a r t ic le  masses. 
F urther th i s  f i e l d  i s  u n lik e ly  to  be of use in  rep resen tin g  
elem entary p a r tic le s *  The r e s u l t s  are in  co n tra d ic tio n  to  n a tu ra l 
observations in  a t  le a s t  one way* This theory p red ic ts  s ta b le  sp in le ss  
massive p a r t ic le s  whereas in  r e a l i t y  a l l  s ta b le  massive p a r t ic le s  are 
Fermions *
The main s ig n ific an ce  of th is  work i s  ra th e r  th a t  s ta b le  tim e- 






F ig  42
Graph o f  'E v Q f o r  some va lu es  B < 3/16 
l o t e  th a t  E has a lo c a l  maximum as w ell as 








Graphs o f  S v W fa r  valiaes o f  B >  )/l6 ^  shoving 






P lo t  o f  E V cY fo r  th e  case *B =5/18o T his 
curve has a minimum a t  W  = 0^94 and a lso  
h as two maxima^ one a t  oJ =1»^ th e  other
=Oo57 For th e re  a re  no p a r t ic le -
l ik e  solutlonso The po in t 8  ^ ( 10^ =^ G08 ) whose 
s t a b i l i t y  i s  considered  in  sectio n  803 i s  
markedo The energy fo r  th is  poin t i s  w ell above 
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minimum 
l e v e l
Fig 44
The i n i t i a l  perturbed and f in a l  reduced en erg ies  
fo r  some o f  the perturbations to 6 CB= g /lS , CO"s= Oo8) 
described in  sectio n  8c3 N otice that there i s  no 
apparent tendency fo r  a disturbed s ta te  to rad iate  
s u f f ic ie n t  energy to allow  i t  to drop down to the 
s ta te  o f  minimum energy for  = 5/18 o
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T ab le 7
Table of values o f th e  in te g ra ls  E2
n
9 , e6 =








0 . 0 6 5.07 135.8
0.07 6.49 166.8




0.12 33.6 7 0 2 . 0
0.13 53.6 1077.0
0.14 93.7 1808,0
0.15 187.0 3 4 6 4 . 0
0.16 463.0 8 3 0 0 . 0
Table 8
“b
0.16 0.18 i  0.02 0.19 i  0.02
0.15 0 . 1 9  ~ 0.02 0.20 i  0.02
0.12 0.39 -  0.01 0.39 ~ 0.01
0.1 0.50 i  0,01 0.51 ~ 0.02
0.08 0.71 i  0.02 0.70 t  0.03
Table of values of and CO fo r  various values of B, To m th in
numerical e rro r th ese  values are  equal»
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10 o1 Introductiontt«tlftWif»*lilili'iiTJwiiii;,jWjW Jl,t j liiiauW-PMTWBCTnia wfwdtmww ,T
In  th is  chapter some suggestions are  put forward for continuing 
the theory» S ection  10«2 deals with ro ta tin g  so lu tio n s . This i s  a 
crude attem pt a t  approximating n o n -sp h erica lly  symmetric p a r tio le - lik e  
so lu tio n s . In  section  10,3 we consider a non linear non-Lorentr. 
in v a ria n t f i e ld  equation and f in d  th a t i t  has p a r t ic le - l ik e  so lu tio n s  
with a whole range of values fo r  the l ife t im e /s ig e  r a t i o .  One defec t 
of th e  theory  so f a r  has been the  indeterminate n atu re  of th e  parameters 
p articu larly  W. In section  10.4  a possib le method of f ix in g  LJ i s  
suggested by considering multicomponent f ie ld s .  In section  10:5 we deal 
with f i e l d  equations derived from higher-order Lorents-invai-iant 
LagrangianSo For the example chosen i t  might be p o ssib le  to  ob ta in  
stable time-independent p a r t ic le - l ik e  so lu tions since Derrick's Theorem^ 
does not preclude such an occurence,
10*2 R otating S o lu tions
u  wjAmymRrnfO'# w r r i m m w  mm  ..
So far we have concentrated on spherica lly  symmetric p a r t ic le - l ik e  
solutions o Here we consider a v aria tio n a l-n u m erica l method fo r
approximating n o n -sp h erica lly  symmetric p a r t ic le - lik e  so lu tions to  the
f ie ld  equation
.  h(t f)  Ÿ' à c  I I  (10 .1)
An obvious generalisation  of (1 .3 ) i s  a solution  o f the form
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P ( n 9 )  e ÙU)t
where m i s  an in te g e r  and ( r ,  % ((> ) are th e  -spherical po lar coord inates 
Then (10 ,1) can be expressed as
oLr Svw
;  ( s ^ 9
G 0 9
W <p 
r ' - W '- B
F(cp^)  c p  =  0
(10.2 )
I f  t h i s  equation were l in e a r ,  i . e .  F((p^) were equal to  a o o a tta n t , then  
a  p a r t i t io n  of Ç ? (r, 0  ) in to  R (r) 0 ( G )  would separa te  (10 .2) 
and 0)(& ) could then be expressed  in  terms o f the usual Legendre 
polynomial So When (10*2) i s  not l in e a r  then th i s  sep ara tio n  does not 
worko However (10*2) can be obtained  from the v a r ia tio n a l p r in c ip le  
61 s  0 where I  i s  given by
X . .  r ; . . [ i i MSoA.BdL8
0
^  Z V,cLo7 \ d 0 /
u m.'c
F ( ? D d f C f " )  
d(cp")
Let us consider th e  case
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F ( = K —
/  (10 .4)
2I f  F ( ( p  ) were a cons tan t then  so lu tio n s  would be of the form
U r )  PJ  £  £r^
Let us t r y  a v a r ia tio n a l so lu tio n  fo r  the case (10,4^ of the form
CJQ = H{r) Sin 8  (taking m = 1 )
Then the  8  dependence of (10,3) oan be in te g ra te d  o u t, and a f te r  trans^
forming the  re s u lta n t  Euler-Lagrange equation in  P (r )  the problem can
be reduced to  solv ing a second order d i f f e re n t ia l  equation of the  form 
2d R « 2 dR * 2 R ' 3
««uïAuxzz’.E . ^  «A, ca»c*sa*sM i r a  ^  a  ^8 /  *4 / \  C  \^ , 2  ' d r ' ^,2 -  R R (10 ,3)
which can be seen to be a g e n e ra lisa tio n  of (1 ,6) ,  In  th is  case we 
req u ire  R® 0 a t r® =: (), and R® 0 as r® «-^cso» Equation (10?3) was 
solved numericallyo There i s  probably an in f in ity  of so lu tion s v/ith 
1, 2, 3 , o , . nodes, (There cannot be a nodeless so lu tio n ). The two 
so lu tio n s  of lowest order are  shown in  f ig  k5c
10,3 A Nonlinear Schrddinger Equationi irm—ii iT " i » i i ii'i 'irmn m m  i i n i iwiami m wnw i m i i j
Although L oren ts-invariance  seems a sen s ib le  p o s tu la te , we d is ­
regard  i t  in  th is  se c tio n  and consider a non linear Sohrôdinger equation . 
The equation considered i s
V 'Y  -I- ^-k o t  ' /  (10 ,6)
I f  we consider partiole-liKce so lu tions o f the form
b w h
(10, 7 )




r '  =  ( k ^ ~  r
( 1 0 . 9 )
(10 .8 ) i s  ex ac tly  (1 .6 ) whose so lu tio n s we found in  chap ter 2 . I f  
we examine the s t a b i l i t y  of th e  nodeless so lu tio n  to  (10.6) o f th e  form 
(10 .7 ) we f in d  th a t  i t  i s  u n s ta b le , and th a t th e  l i f e t im e /s iz e  r a t io  i s  
p ropo rtional to  (1 « 60 )  ^ where 0} ~ ' Since th e  param eter 60^fcKcan range anywhere from 4-1 vo •=> 00 we have a whole continuous range of 
values fo r  th e  l i f e t im e /s i^ e  r a t i o  j"
Multicomponent Solutions
In  chapters 1 -  9 we considered p a r t io le - l ik e  so lu tio n s  of 
the f orm
V ^ f  -  .  g  .  F ( % f * ) Y
+ Wiien K =0, the l i f e t im e /a i^ a  r a t io  i s  p ro p o rtio n a l to(^Cy) ^ where 
g and l i e s  in  the range 0 >  cO «
1 5 6
-  o L Ot
where '4/' was a  1 fcomponent f i e l d .  For th e  cases considered , i t  was 
found th a t  the f i e ld  param eters ware too indeterm inateb No method of 
sen sib ly  f ix in g  the  param eters was found, I t  had been i n i t i a l l y  
hoped th a t fo r  so lu tio n s  of th e  form
' Ÿ  -  e
s t a b i l i t y  co n sid era tio n s would allow  us to  determ ine W, I t  may b e ,th a t
fo r some p a r t ic u la r  p(  ^ ) ,  th i s  w ill occur. However, an a l te rn a tiv e
method i s  suggested her© whereby would be determined not by s t a b i l i t y
methods but perhaps by co n sid era tio n s of the  very ex istence o f p a r t io le -  
l ik e  so lu tionso  [This could a lso  ooneeivably occur fo r  (10*10)] We can 
g en era lise  th e  form (10*10) by considering , fo r  example,
S'-Y :
è fc ^
where i s  now a multicomponent v e c to r . The problem a r i s e s  as to  
what one should take fo r  and what the components of represent*
cr\J 1)
For i l l u s t r a t i o n ,  l e t  us consider
r
C ^ ( r )  e  
c p  ( r ) (10 .12 )
f  I; u)b\  cf?(r) e.
where the th ree  components of might conceivably be components of 
isospin* In se r tin g  (10*12) in to  (10*11) and making transfo rm ations on 
(jP and r ,  one can reduce  (10*11) to  a coupled se t of non linear equations
•=■ n J f »
the  form 
/ %
' t  )  ( Ç '
. .z (1 0 . 1 3 )
V < p '  = /c p ' -  ( z < P ' \ œ '3 ® '
where = 1/(1 -  ) w ith 60^= 60/KC.
2I t  i s  p o ss ib le  th a t  a might ac t as some s o r t  o f eigenvalue i*e* th a t  
so lu tio n s  to  (1 0 *1 3 ) might e x is t  only for c e r ta in  d is c re te  values of a* 
In  such an event th i s  would immediately f ix  W, However no attem pt 
has been made to  solve (l 0 *1 3 ) so th a t i t  remains an open question  
whether a  i s  indeed r e s t r ic te d  to  d is c re te  values*
10o5 Higher-Order Lorentz-invarlant Lagrangians
I t  was suggested by D errick in  I 9 6 4  th a t i t  might be p o ss ib le  to  
get stable time-independent p a r tio le - lik e  so lutions in  three space 
dimensions i f  we choose h igher-o rder Lagrangians* Let us consider a 
Lagrangian of the form
L =  k Y Y  -  à-IÏÏr]'“  ^ pli'l'jldfr
For the  case n = 2 the  Euler=Lagrange equation derived  from the  above 
Lagrangian with
f c p )  =  ? ÿ  t ' " )
h a s /
has a r e a l  time--independent p a r t io le - l ik e  so lu tio n
This I s  e s s e n t ia l ly  the  same form of so lu tio n  as Rosen^ obtained 
fo r the f i e l d  he examined but in  th is  case th e re  i s  a p o s s ib i l i ty  
th a t i j f  w ill  be stab le^  whereas in  Rosen® s f ie ld  was n ec e ssa rily
unstableo The s t a b i l i t y  of p a r t ic le - l ik e  so lu tio n s  to  h igher—order 
Lagrangians re q u ire s  to  be examinedo
" 159 “ 
i io  smmmY
In  th is  th e s is  we are p r im a rily  concerned with the s t a b i l i t y  
o f time-dependent p a r t io le - l ik e  so lu tio n s to  some nonlinear f i e ld  
equationso The p a r t ic u la r  form of time dependence examined i s
- f  =  (1 .3 )
In  chap ters 1 and 2 the ex istence  of p a r t ic le - l ik e  so lu tio n s  of th i s  
form i s  in v e s tig a te d  fo r  th e  f i e ld
v ' Y  -  à  %  '  - X  Y  t * Ÿ
where the  problem is  reduced to  f in d in g  so lu tio n s of the  ordinary  
non linear second-order d i f f e r e n t ia l  equation
i V '  ^  2  d < p '  _  , 3
d r ' '  P  =  ■P - y  ( 1 . 0
This equation  has an in f in i t y  of so lu tions having re sp e c tiv e ly , 0, 1,
2 , o o o nodeso The f i r s t  e ig h t so lu tio n s  a re  obtained  num erically ,
A f i r s t - o r d e r  p e rtu rb a tio n  method fo r  examining the s t a b i l i t y  o f 
so lu tio n s of the form (1*5) i s  proposed in  chapter 3 , The problem of 
s t a b i l i t y  i s  reduced to  solving a complex eigenvalue problem ( 5 , 5 ) ,  I f ,  
fo r  a given , th e re  e x is ts  no eigenvalue (S) with a nonzero 
imaginary p a r t ,  then the  p a r t ic le - l ik e  so lu tio n  fo r  th a t c S  would be 
s ta b le . In  f a c t  a l l  eigenvalues S 'o f  (3°5) fo r  the nodeless p a r t io le -  
l ik e  so lu tio n  of ( 1 *6 ) a re  found to  be purely  imaginary ir re s p e c tiv e  
of th e  value of CO''  ^ implying th a t  a l l  such " p a r tic le s "  are  u n s tab le . 
V aria tio n a l c a lcu la tio n s  are a lso  made in  chapter 3 which give r e s u l t s  
in  agreement w ith those obtained num erically  from f i r s t - o r d e r  
p e r tu rb a tio n /
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p e r tu rb a tio n  theory .
The s t a b i l i t y  of th e  low est-o rder so lu tio n  i s  then examined 
in  chapter 4 by d ir e c t  p e r tu rb a tio n  methods. Again we fin d  th a t  the 
so lu tio n  i s  unstab le  fo r  both zero and nonzero OJ, This d ire c t  
method fu r th e r  in d ic a te s  th a t  the so lu tio n  can be unstab le  in  two 
d is t in c t  ways, a r e s u l t  not ob ta inab le  from f i r s t - o r d e r  p e rtu rb a tio n  
th eo ry . The " p a r tic le "  can decay by ra d ia tin g  a l l  i t s  energy (the  
d is s ip a tiv e  decay mode) or by drawing an in c reasin g  amount of 
negative energy in to  a 'hole*around i t s  cen tre  (the s in g u la r  decay), 
This l a t t e r  decay i s  a consequence of th e  f ie ld  allovdng the energy 
den s ity  to  be negative in  c e r ta in  regions of space. The d is s ip a tiv e  
decay mode i s  considered p h y s ic a lly  accep tab le , the s in g u la r mode 
unacceptable*
Apart from th i s  u n s a tis fa c to ry  mode of decay th e re  are o th er 
d e fic ien c ie s  in  th is  f ie ld *  The l i f e t im e /s iz e  r a t io  i s  a constan t 
independent of the f ie ld  param eters , CO with a value f a r  removed
from th a t  of th e  m etastab le  p a r t ic le s  though p o ssib ly  of the co rrec t 
s iz e  fo r  the h igh ly  unstab le  p a r t ic le s  ( l ife tim e s  secs)*
F u rth e r, no s a t is f a c to ry  method of f ix in g  th ese  f i e ld  param eters has 
been found, though some te n ta t iv e  suggestions a re  made in  chap ter 5*
In  an attem pt to  overcome such d e fic ien c ie s  a g e n e ra lisa tio n  
of the i n i t i a l  f i e ld  i s  considered  in  chapters 6 - 9 ;
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The problem of fin d in g  p a r t ic le - l ik e  so lu tio n s  o f the type
— 6 w6Cp 0  to  th is  g en e ra lised  f i e ld  i s  reduced to  so lv ing  the
equation
i  ^  t= Q?'' -  <p‘  ^ & cp' ^
r '  d H
where
6  = X ( K ^  -
I t  i s  shown th a t  t h i s  equation  probably has p a r t ic le - l ik e  so lu tio n s  
of the same form as the B = 0 case ( i . e .  so lu tio n s  w ith 0, 1, 2 , . . , 
nodes) fo r  a l l  values of B in  th e  range — Co B ^/16 , though
our a t te n t io n  i s  p r im arily  concentrated  on the reg ion  0 < B 
since we seek so lu tio n s  fo r  which the energy d en s ity  i s  p o s itiv e  
d e f in i te .  (This can only occur i f  B > “ O).
The s ta b i l i ty  of the modeless so lu tio n s  i s  examined by methods 
analagous to  those used fo r  the X = 0  case . S table tim e-dependent 
p a r t ic le - l ik e  so lu tio n s  are shown to  e x i s t ,  some of wiiich have the 
added a t t r a c t io n  of p o s it iv e  d e f in i te  energy d en s ity .
Despite the  apparen tly  a t t r a c t iv e  fe a tu re s  o f th is  g en e ra lised  
f i e ld ,  c e r ta in  d efec ts  rem ain. There is  no s a t is fa c to ry  method of 
f ix in g  f ie ld  param eters. There are  no s ta b le  sp in less  massive p a r t ic le s  
found in  n a tu re . The main s ig n ific an ce  of t h i s  work i s  not th a t  we 
have found a f i e ld  capable of rep resen tin g  an elem entary p a r t ic le ,  
but r a th e r  th a t  the ex istence of s ta b le  p a r t ic le - l ik e  so lu tio n s  in  
th r e e /
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th re e  space dimensions i s  shorn p o ss ib le . F urther refinem ent i s  
necessary before we have a p h y s ica lly  accep tab le  f ie ld  theory .
In  chapter 10 some suggestions fo r  fu r th e r  study are made.
A1
Appendix A 
S eries so lu tio n  o f ( lo6)  fo r  sm all r®
The so lu tio n  of the equation (1 ,6 ) oan be approximated for sm all 
r® as a power se r ie s  in  r®
= a + a r»^ + a .r '^  + a + . . . a_ -0 ^ 4 0  2n
where
a
*2 " a^(1 ■- a^ ) / 6
a, =A- agCl -  3a^)/20
ag = ( \  " ^® 'o\ ” ^*0 *2 )/^^
*8 = ( * 6  " 6a a_a, -0 2  4 ^ 0 *6 - a^)/72
■10 (*8 " 6a a_a , «0 2  6 ^*0*8  ” 3a a f -  0 4
•12 " (*10 •■ ^*0 *2 * 8  “' 6a a. a ,0 2j- 6
_ 2 
" ^*0 *a .„  = i a .„  -  oa a„a„ ~ b   -  -  Sa^a^ = 3a^a^)/156
*'14 = (*12 -  -  ^ z V 6  -  ^ % 4  -  5*0^12
-  Sa^ag -  a^)/210
*16 " (*14 " ^%*2*12 -  ^*0*4*10 -  ^%^6*8 “ ^*2*4*8 " 3*o*14
” -^*2*10 ~ ^*2*6 " ^*4 ^5 )/^^^
The number of terms req u ired  in  the s e r ie s  expansion depends on 
the mesh s iz e , and on the order of th e  s o lu t io n  being sought. In 
genera l, fo r  sm aller mesh s iz e  one needs fewer term s, but fo r  in c reasin g  
order so lu tio n s  more term s.
B1
Method of matching- in -the-m idd le  applied  to  second-o rd e r nonlinear 
d i f f e r e n t ia l  equationsmijM■ iM. jt>o*CK»iaAaftag>!i*t^ twxr»*tewCdWi =iNi■’r i*:i.ij
Let us consider the equation
=  %  -  Z ^ /  r (B1)
d f '
Let us denote by Z the  forward in te g ra te d
The boundary cond itions fo r  th is  equation a re  Z = 0 a t  r® = 0 and 
Z 0 as r® —> 60.
so lu tio n , by Z. the backward in te g ra te d  so lu tio n  and by r® the value0 G
of r® a t  which we re q u ire  to  'join® the so lu tio n s .
This im plies
(B2)
c l Z . \
d r '  I f/  'e
A num erically  equivalen t co n d itio n  to  (B2) i s  to  match Z^ and 2L a t  
two neighbouring po in ts^  r« and r^^^ . Then th e  matching con d itio n  i s
( Z fe>/ p'’
(  4 )  / c
( 4 L
(B3)
For l in e a r  second order d i f f e r e n t ia l  equations, i t  i s  p o ss ib le  to  a d ju s t
th e  param eters o f  the attem pted so lu tio n  by a g en e ra lised  Newton—type
co rre c tio n  process u n t i l  (B3) i s  s a t i s f i e d .  For non linear equations 
t h i s /
==■ B2 “
th is  method i s  le s s  u se fu l. With some m odification  i t  was possib le
ito  ob ta in  so lu tio n s to  (b1) by such a method, but a much b e t te r  way 
of doing so w il l  be described . This method may be denoted the 
m inim isation c o rre c tio n  process*
For sm all r® th e  s e r ie s  so lu tio n  o f (B1) i s
Z = a^r + a_r^ + a, .o 6 4
where a^f ° « are  given in  Appendix A*
For la rg e  r ’ the asym ptotic form of (B1 ) i s  Z d©”^ \  The problem
is  to  f in d  those values o f a and d which give matched so lu tio n s . Let 
us co n s tru c t the fu n c tio n
^ “ Y L r .  ,  (% )C 0+1
Then F i s  a fu n c tio n  of the param eters (a^ , d) which i s  p o s itiv e  semi- 
d e f in i te  and has a minimum value of zero only when the forward and 
backward so lu tio n s  are  matched* The problem has thus been m odified 
to  minimising a fu n c tio n  of two v a riab les  to  zero , A method of doing 
th i s  i s  given in  Appendix C, I t  i s  found th a t th is  approach i s  very 
su ccessfu l, and matched so lu tio n s  to  (B1) and (1*6) were re a d ily  
found* This method was a lso  l a t e r  used to  solve (6 .1 ) ,
G1
Function Minimisationn .i'Ciiii I . —I I , I * ' ; i «„N«%*wO
The problem of minimising a function  F of n v ariab les  (%,, i  = 1 ,n) 
f a l l s  in to  two categories*
( i )  functions for which both the  function  F, and the  f i r s t  
â  Fd e r iv a tiv e s  — ( i  -  1 ,n ) can be calculated*
( i i )  functions for which F can be calcu lated , but for which the  
derivatives cannot*
S a tis fa c to ry  methods have been given by Fletcher and P o w e l l ^ a n d  
by F le tch er and R e e v e f o r  the f i r s t  of th ese. Methods have also 
been given fo r ( i i )  but many of the ea rly  methods are  dependent on 
the nature o f the function F, A review of th is  subject i s  given by 
Ro Fletcher^
For the problem we want to  solve by minimisation, i t  i s  p o ss ib le  
in  an a r t i f i c i a l  way to  evaluate derivatives of F g W3.th  resp ec t to  the 
param eters of F, However, i t  would be preferable to have a method 
which did not re q u ire  the ev a lu a tio n  of derivatives of F, A recen t 
paper by Nelder and Mead^^ suggests a simplex method fo r  fu n c tio n  
m inim isation which does not req u ire  the derivatives of F. This method 
was programmed and found to  be extrememly e f f ic ie n t , better than any 
o ther method to  d a te , and i s  th e  method adopted fo r a l l  the numerical 
minimisation work in  th is  th e s is .
D1
Non square In teg rab le  so lu tio n s
I f  e i th e r  ^  or 0^ i s  -ve in  (3» 7) then  the  so lu tio n s  to  (3*7) 
are  not square in teg rab le*  However i t  i s  p o ssib le  to  co n stru c t a 
square in teg rab le  so lu tio n  by tak in g  l in e a r  combinations of the non­
square in teg rab le  so lu tio n s . C onsider the  analogys
I f  one throws a p a rtic le  from OO at a scattering  centre, 
p oten tia l V (r), with momentum in  a narrow band about , i t  w ill be 
represented by a wave packet (square integrable) of the form
^  - i h k ^ h
A  f f f c )  Z
where f (k )  i s  peaked about ^  and  ^ p o sitiv e  energy eigen­
function (not square in tegrab le) of
A . 7  +  V ( r )  I
 ^ A/
with asymptotic form — > CLôfc 04 r  00
provided V(r) i s  of f in i t e  range*
For V(r) a ttractive  and short range we would expect V ( f )
to  have a f in i t e  number of bound sta tes  ^|^£)with negative energies 
and a continuum of p o sitiv e  energy non-square integrable eigenfunctions
(T )  satisfyi.ng the usual orthogonality and completeness re la tio n s . . ' h ^
One can then express the general so lu tion  of the time-dependent 
Schrddinger equation as
I ^  p
T c ^ e  = Z  f  +  U
te
D2
Thus fo r  such a problem i t  i s  necessary  to  consider the  +ve energy
eigenfunctions even though they are not themselves square
&in te g ra b le .
This suggests th a t  a s im ila r  s i tu a t io n  might occur fo r the  p resen t 
problem, equation  (3*1)* Perhaps th e re  e x is ts  a d is c re te  se t of 2* 
corresponding to  th e  square in te g ra b le  so lu tio n s of (3 ,2 )  to g e th er 
w ith a continuum of 2 corresponding to  non-square in te g ra b le  so lu tio n s . 
The general so lu tio n  to  (3*1) would then  be
J '1 ' J V /
P  r. , -o -O -b  *  - u L o b
j i u  f  ;  A
which could s t i l l  be square in te g ra b le . In  chapter 3 we concentrated  
on square in te g ra b le  so lu tions of (3*1). I f  we now seek non-square
in teg rab le  so lu tio n s of (5*1) th is  can be shown to  be equivalen t to
seeking so lu tio n s  of (3 .5 ) ,  (3 ,6 )  fo r  values of , 6^ which are 
not both p o s it iv e . We consider two cases 
( i )  ^ “ve, 0^ —ve
( i i )  -v e , 0^ +ve.
In  case ( i )  we do f in d  a continuum of 2 values corresponding to  
non-square in te g ra b le  so lu tions, and f o r  each th e re  e x ie t two
l in e a r ly  independent so lu tio n s .
In  case ( i i )  we again f in d  a continuum o f 2 values but th is  time 
th e re  i s  only one so lu tio n  fo r  a given 2*
E1
Appendix E
Method of solving d lfT e re n tia l eigenvalue problems using  a m inim isation 
ro u tiim
Let us consider a simple eigenvalue problem, say (3*9)
0  (E1)
This has asymptotic form z •—> 6  . The problem i s  to  f in d  th a t
value of X for  which z . 2= 0,r® = 0
This problem can be ta ck le d  by using  a g en era lised  Wewbon- 
type c o rre c tio n  process, and in  f a c t  such a method works w ell fo r 
th is  case* However, a Newton-type method does not lend  i t s e l f  to  
com plicated sim ultaneous d i f f e r e n t ia l  eigenvalue problems, p a r t ic u la r ly  
Tshere the number o f param eters to  be co rrec ted  exceeds the number of 
boundary conditions* A minimisation method of solving d i f f e r e n t ia l  
eigenvalue problems i s  explained which can e a s ily  be g en e ra lised  to  
ta ck le  much more com plicated problems.
Let us consider (E l) . One would take a t r i a l  value o f Y , and 
use th is  to  compute the asym ptotic form of z. Then one would num erically  
in te g ra te  (S1) from la rge  r« to  r® = 0 and evaluate the fu n c tio n
F = (z ) r^  ®s=0
Only when F a t ta in s  i t s  minimum value o f zero do we have a so lu tio n . 
Thus, the co rrec tio n  process c o n s is ts  of minimising F as a fu n c tio n  
o f /
E2
of X  u n t i l  F i s  zero*
This method i s  e a s i ly  adapted to  solve more com plicated problems 
such as (3*3) when 2® i s  complex* The asymptotic form of (3*3) i s  in  
th is  case a com plicated expression  involving the  f iv e  param eters 
2^9 2^, E, P, Q, w hile the re  are only four boundary cond itions
^ f  s f  £s 0 a t r® = 0. We now minimize F = [g^ + g^ +* f M f -t f I  r  i2 2^ ^ i^ r ’-  0 re sp ec t to  the f iv e  param eters 2®, %_®^ E, P, Q*
The f a c t  th a t  the number of f re e  param eters exceeds the number of 
boundary cond itions does not lead  to  any d i f f i c u l ty  w ith th e  m inim ization 
method, in  co n tra s t to  Newton-type co rrec tio n  procedures* Indeed, 
to  allow  fo r  the p o s s ib i l i ty  th a t  ad d itio n a l sp ec ia l so lu tio n s might 
e x is t  a t c e r ta in  W the  programme was also  run  allow ing W^to vary 
as wello The method can obviously be generalized  to  more com plicated 
problems by tak ing  F as the  sum of squares of th e  q u a n titie s  req u ired  
to  vanish by the boundary conditions*
P1
mdix F 
Solutions of (3o9)nwwwpojw»*w^wo— MM—
In  Section 3*2*1 we gave the r e s u l t s  of so lv ing  (3 ,9 ) 
num erically  using a good num erical approxim ation fo r  Ç9 . In  th is  
appendix as an independent cheek we consider so lv ing  (3*9) using  a crude 
v a r ia tio n a l approxim ation fo r  09^. B e tts , S o h iff, S triokfaden^^ have
found both simple and so p h is tic a te d  v a r ia tio n a l approxim ations to  the 
nodeless so lu tio n  o f (lo6)« We consider a p a r t ic u la r ly  simple one
Ÿ  ~  i - h f z ’ Q  (F l)® ,2The lowest eigenvalue ( -  ^  ) of (3*9) i s  given by th e  v a r ia tio n a l p r in c ip le
■ ^
4
the  e q u a lity  holding only i f  z s a t i s f i e s  (3 ,9 ) ,
The sim plest form of so lu tio n  to  (3*9) s a tis fy in g  the boundary 
conditions z = 0 a t  r® = 0, z —» 0 as r® —> oo  i s  a so lu tio n  
w ith one node which can be crudely  represen ted  by a t r i a l  wave fu n c tio n  
T  c  Using th i s  t r i a l  wave fu n c tio n  and the  above v a r ia t io n a l
approxim ation fo r Çp^ y ie ld s  the approximate value fo r  of 16*7
lead ing  to  a value fo r  2^ of 3*96, to  be compared w ith th e  value o f  3 *95 
obtained by solving (3*9) num erically  using a numerical approximation
fo r  ^
When Ç? i s  approximated by ( F1 ) i t  i s  p o ssib le  to  so lve (3*8) 
(3*9) in  terms of Bessel functions*  For example the  transfo rm ation  
X/
P2
r -X = Q  b rings (3*9) to  the standard form o f Bessel*s
equation and gives a value fo r  X of 1 7 * 4  as w ell as the spurious 
value = 0O5 . This l a t t e r  so lu tio n  i s  a consequence of tak in g
too crude an approxim ation fo r  (p^ and i s  not a tru e  so lu tio n  o f (3*9)
ai
No r e a l  so lu tio n s to  (3*6) fo r  ^ > 1 ,  W = 0 
When 0 , (3*6) can be w ritte n
-  U i d p  -  +  5 (D '^ 1  % = 0  c^i)oLn'^ p/1. ^ ^  ^
S '  -  ^  ‘Po'"’ ] ï  =  0  ( « )
ïdxere 2 = 6^  + ^  y  = ^
I t  i s  here shown th a t th e re  are  no square In teg rab le  so lu tio n s  to  (Ui )
or ( g-2 ) fo r  any ^ > 1 *  Let us consider (&1 ) .  The asym ptotic form
<. y dxs z c  and the boundary cond ition  a t  r® = 0 ,  i s  z = 0* Thus
the sim plest form of so lu tio n  to(G=l)is a so lu tio n  vdth 1 node, the next
sim plest a so lu tio n  w ith  two nodes etc* The two low est o rder so lu tio n s
are shown in  f ig  G-1 . Now any so lu tio n  of (&1 ) o f  th i s  form must have
a po in t of in f lex io n  a t  which z i s  non zero (denoted by A in  fig*  G-1 ) .
At a p o in t of in f le x io n  s= 0 and since z /  0 th i s  im plies
dr®
-  +  3
-  L U * i ) +  3  > 0  (C3)
where Z = (p^
P lo ts  o f /a n d %  v K fo r  the low est o rder (nodeless) so lu tio n  of (1 ,6 )  
are  shown in  f ig .  g.î2o From th is  graph one can see th a t  Z has a maximum 
value o f 1 .2 , and in  consequence th a t  G.3 can be s a t i s f i e d  only fo r 
y^= 0, 1 but not fo r  I f  one considers ( G2 & s im ila r  an a ly s is
shows th a t  i t  can have so lu tio n s  only fo r  = 0*
G2
Fig G1
Foi'ms o f  so lu tio n s  to (01) having resp ec tiv e ly  2 
node So Such so lu tio n s  must have a p o in t o f  in f le x io n  




/  /Graph o f  (p and Z = f  cp fo r  the  low est-order
s o lu t io n  (nodeless) o f  (1^6)from which i t  can 
be seen th at Z has a maximm value o f  1*2
H
S ign ificance of having aero
In  se c tio n  3o5o2 i t  was remarked th a t  fo r a given a unique 
p u re ly  imaginary value o f 2^ was obtained but th a t  fo r  th is  so lu tio n , 
a  v a r ie ty  of d if fe re n t values of E„ P, Q were obtained « I t  i s  here 
shown th a t  the apparent freedom in  Q i s  a consequence of S'
being aeroo
I f  one puts g' -  0 in  (3o2) then  oan foe expressed in  the r
sim pler form ^  n ,  b -  lOOb
“  ' ^ l î L _ Ê _ L _ Ê1 r
mwhere @ rep laces r ( ^
I f  one follow s the procedure of section  3*1, and su b stitu tes ( Hi ) in to  
(3o1)j) and applies the transformation ( lo 5 ) , then one obtains the 
coupled equations
+. a '  +  5 < P ' * ) |  -  B '  t  =  0
where
-f- / A _ (H2)A' +  < p ;^  ) %  +  6 ' % .  =  0
A ' =  -  &  e ' -  ^ 4
This has asym ptotic form ^
A iT a A , A . «b. _
%  =  | x  6 o s ( ,!? r}  4- E S w v ( k r O j e  (^3 ^
A T a . a /V A xA /\"i _i  f x  & v n ,C ^ / )  -  Ê  C o s A r O l  e
where/
H2
A A g/where k is  defined  by R and ^  i s  as given by (3o11) w ith 2^ = Oo
I f  one so lves ( H2) and ( H3) then  fo r  a given W^^one g e ts  the 
same value of 2 | as obtained by solving (3o5) d ire c tly ^  but now one 
g e ts  a unique value fo r Further^ comparison of the asymptotic form
of ( ^  ob tained  from (3o10) shows th a t i t  i s ,  to  w ith in  a
m u ltip lic a tiv e  co n s tan t, the same as th a t obtained from ( H3 )o I t  
i s  obvious th a t  i f  one seeks a p r io r i  so lu tio n s fo r which 2^ i s  zero , 
then  th i s  method i s  e a s ie r  than  solv ing  (3o3) d i r e c t ly «,
Proof that Barston's lim itin g  curve and the eigenva3.ue curve can
urM^pwiirniw ic iw w w i n wn i y  u n mmm     r&ü UKUK'Cw.Â ic .: .: 'w # i%CAMaL;; c w J . % = 5 5 q m e a» c a ( f f t n T n w # # n -mrmw wm -m m am tm-mm t ■ iw
not he id e n tic a l*
The equation under examination i s( O g X  -  : i û  A  -  h)  f  =■ 0
From th is  one can express
w_ =  Æ .j A ? )  ± U f M ? )
*  i s
The eigenvalue curws Im fo r  p u re ly  complex C l, and so we can deduce th a t
/ 0  and (jjg I  f o r  t h i s  case
C f , f )
Now the equation of th e  lim itin g  m
i s  21 S5 21 (O) (1 ) where -  =- lowest eigenvalue
of the operator H«
, , \2,
i . e .  /dOgjj = = ” lowest eigenvalue o f H.
2Now can only equal th e  low est eigenvalue of H i f  ^  equals
the corresponding eigenttinction* io e , & i s  a so lu tion  of th e  equation
^ c o ^ x  -  H )  f  =  0  (1 2 )
Corresponding to the lowest eigenvalue
BBut/
12
But ( 11) aiÆ ( 12) then imply
i  (Dg A  f  =■ 0
I . e .
(13)
The lowest e igenfunction  o f H corresponds* to  the  lowest e igenfunction  
3 ^  jwhich im plies th a t  (g -  f )  i s  zero , but th a t  
(g + f )  i s  not zero . Hence(X3)will be s a t i s f ie d  only i f  Oo
Hence the two curves are  not id e n t ic a l  « -
i d i x  j
Proof th a t  th e re  are no complex so lu tions to  (3 0 6 ) fo r  any (0^ fo riw#3imo  11     itii w.h i L .un — u w m w — ^pm iw m i.iiia i i ijimmwjtiiiBiiii ,iw# n
Equation (3 06) oan he v /r itten  in  the form (5o12) i f  H is  now defined by
A ct^
d r '




Complex eigenvalues-g ' oan only occur i f  O  i s  complex and th i s  inQ
tu rn  can only be so i f  H has a negative  eigenvalue^ We show th a t  H 
can, have no negative eigenvalues fo r  any ^  >  1 „ The low est eigenvalue 
of H i s  the  lowest eigenvalue of th e  top  diagonal element i . e .  the  
lowest value of A i. to  the problem
d.® 1)  " «
,/JÎ- Z = o—  1  - i "  A .  "  j ( pp' Y*' ' 'o
But i t  has been shovm (Appendix a ) th a t th i s  equation has no square 
in te g ra l  e igenso lu tions fo r  any i >  1 . i . e .  the re  are no so lu tio n s to  
(j1))for which im plies th a t H has no negative e igenvalues. There
oan th e re fo re  be no so lu tio n s  fo r  complex and hence no so lu tio n s fo r




Rrqof th a t there  are no p a r t io le - l ik e  so lu tio n s fo r  a *> fo r  
0 B <C /a> and none a t  a l l  for B >
As fo r  th e  B = 0 case, i t  i s  possible to  approximate (p as 
a power se r ie s  in  r "





2 L,vilere == a (1 -  a + B a ) /6  w ill be p o sitiv e  i f  a ^  A_«iC o o o ^ o 2
/Thus fo r >  A^g (p in c reases  for a t  le a s t  some r® in  the neighbour-* 
hood of the o rig ine The asym ptotic form of a p a r t ic le - l ik e  so lu tio n  fo r  
la rg e  r® i s  exponential. Thus any p a r tic le -lik e  so lu tio n  must be a 
combination o f tîiase two forms
se rie s \ exponential deso lu tio n
The nodeless p a r tic le -lik e  so lu tio n  must th e re fo re  be of the form 
shown by d o tted  curve, wiiich im plies (p must have a maximum fo r some 
v a lu e /
-  K2 -
d d^ <2? *value ©f r®o The cond ition  fo r  a  maximum i s  ~ 0 — ï-  ^= «ve
dr®
d9?^When "T^ T = Oo we have
>  =  -  cp ' +  e < p ‘ (Ki)
dr
^  =  c r . ' -  CD' ^  +  R C D ' ^
d  r '
Because (JP must be g re a te r  than a t th is  po in t as given by
dr®
(K1 ) must be p o s itiv e  fo r any B in  the range 0 <T B <  Thus we
have an inconsistency  implying th a t such a form of so lu tio n  cannot e x i s t .  
The nonexistence of h igher node so lu tio n s  follows as a simple extension 
of th is  argument o
We conclude th e re fo re  th a t th e re  are no p a r t ic le - l ik e  so lu tio n s  
fo r  >  Ag fo r  argr B in  the  range 0 <  B <C /4 .  i . e .  A(k) i s  le s s  
than  Ag fo r  a l l  k fo r  a l l  B >  0 and B <  ^ /k .
C orollary
There can be no p a r t ic le - l ik e  so lu tio n s f o r  B >  ^ 4 *  fo r  B ^ /4 ,
2 /the c o e ff ic ie n t i s  p o s itiv e  fo r  any p o s itiv e  a . F urther as
^ dr *given by (K1 ) i s  always +ve, and thus i t  i s  not p o ss ib le  to  have p a r t ic le -  
l ik e  so lu tions fo r  any a in  th i s  case.
Appendix L 
Bounds to  the eigenvalue 2î{0)
The lowest eigenvalue of the operator H oan be bounded as fo llow s. 
Let us consider the  top diagonal element g denoting the lowest eigenvalue 
of th is  operator by Then the problem reduces to  solving the
equationà} _ z rn'^  _  c  fi m'^+ 5 95' - 56 ?z  = 0
1 4-A .
This equation i s  equivalent to  find ing  the eigenvalue Q*(0) of (7 .7) i f  
2 2one id e n t i f ie s  y with 1  + $2? (O) where 2! (O)is t e  maximum value of 2,®i  ' 1  3.
when ( 0 = 0 .  Using a now fa m ilia r  argument, any so lu tio n  (square 
in te g ra b le )  of (L1) must have a poin t of in flex io n  a t  which-the eigen­
fu n c tio n  i s  non zero . This im plies
' X  *  = 0
a t  such a p o in t. Now (L2) can be considered as an equation in  (p^ 
w ith so lu tio n
_  5 ±  J  9
10  6  (L3)
I t  i s  a requirement th a t  Cf) be r e a l  and thus we can immediately say th a t
i . e .  2 |2 ( o) <  ( ^  = 1)
M1
D efin ition  o f (b)» ^ ( b )
m w " I w Willi i i .^ m iin n i iiuwimwiiaiwt fciiiiciiiiiMi  jwLki mMiii. i.'T jiiic i«*c —•j '4j-«rfw»r^ai^^KiOga
When d istu rbances were applied  to  " ^ ou.
th is  was done numeric a l ly .  In  consequence one had to  specify  the 
d istu rbances num erically  a t a s e t of d isc re te  p o in ts . I t  was con­
venient to  have a s e t of such d istu rbances which one could apply 
a t  various d istan ces from the p a r tic le , and from which one could 
construc t a whole v a r ie ty  of o ther d istu rbances. In  chapter 8 væ 
used only the disturbances ^  and Rather than give a l i s t  of the
numeric values, we have shown the  disturbances g rap h ic a lly  in  f ig s  
Ml and M2 resp ectiv e ly . The follow ing n o ta tio n  i s  operative, 
B y^^(b ) we mean the function
1 = 0 for 2  b
where f^ (g  ) i s  p lo tte d  in  f ig  M1.
A sim ila r d e f in it io n  holds for ^ ( b )
^  = 0 for ^  <  b





P lo ts  o f  f^C^) and f^( against the reduced rad ia l 
di stance 0  o
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